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Abstract 



We consider various generalisations of the string class of a loop group bundle. The string 
class is the obstruction to lifting a bundle whose structure group is the loop group LG to one 
whose structure group is the Kac- Moody central extension of the loop group. 

We develop a notion of higher string classes for bundles whose structure group is the group 
of based loops, VlG. In particular, we give a formula for characteristic classes in odd dimensions 
for such bundles which are associated to characteristic classes for G-bundles in the same way 
that the string class is related to the first Pontrjagyn class of a certain G-bundle associated 
to the loop group bundle in question. This provides us with a theory of characteristic classes 
for J7G-bundles analogous to Chern-Weil theory in finite dimensions. This also gives us a 
geometric interpretation of the well-known transgression map H'^^(BG) H'^^^'^{G). 

We also consider the obstruction to lifting a bundle whose structure group is not the loop 
group but the semi-direct product of the loop group with the circle, LG xi . We review 
the theory of bundle gerbes and their application to central extensions and lifting problems 
and use these methods to obtain an explicit expression for the de Rham representative of the 
obstruction to lifting such a bundle. We also relate this to a generalisation of the so-called 
'caloron correspondence' (which relates LG-bundles over M to G-bundles over M x 5^) to a 
correspondence which relates LG x S'^-bundles over M to G-bundles over S'^-bundles over M. 
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Chapter 1 

Introduction 



String structures first appeared in Killingback's paper [22] as a string theory version of tlie 
well-known spin structures that are important in quantum field theory. The results came out 
of a study of global anomalies in the worldsheet of a string and the idea was motivated by an 
observation of Witten [45] that the Dirac-Ramond operator in string theory can be considered 
as Dirac-type operator on the loop space. 

Recall that if one is given a principal S'0(n)-bundle (for example the frame bundle of 
a manifold), a spin structure is given by a lifting of the structure group of this bundle to 
its simply connected double cover Spin(n). Killingback's idea then, is to replace the bundles 
which appear in the definition of a spin structure with an infinite-dimensional bundle whose 
structure group is the loop group of Spin(n) and consider a lifting of this bundle. More 
generally, if G is a compact Lie group and LG is its loop group, we could consider lifting any 
-LG-bundle P ^ M to a bundle whose structure group is the central extension of LG. It turns 
out that the obstruction s{P) to the existence of such a lift is an element of the degree three 
cohomology of the base, H^{M, Z). Killingback proved that, in the case where the LG-bundle 
P is in fact given by taking loops in a principal G-bundle Q ^ X, this obstruction class is 
the transgression of the first Pontrjagyn class of Q. That is. 



where ev: x LX ^ X is the evaluation map. The class s{P) € -ff^(LX, Z) is called the 
string class of P. The link with spin structures and Witten's observation regarding the Dirac- 
Ramond operator is given by noticing that in quantum field theory the Dirac operator can 
only be defined if spacetime is spin and correspondingly in string theory the Dirac-Ramond 
operator can only be defined if spacetime is string (i.e. has a string structure). 

The present work grew out of an attempt to answer some questions naturally arising 
from some papers concerning string structures and loop group bundles. In [35] Murray and 
Stevenson use techniques from the theory of bundle gerbes to give an explicit formula for a 
representative in de Rham cohomology of the string class of a general LG-bundle and provide 
a link with previous work on monopoles. The theory of gerbes was first introduced by Giraud 
|17j and studied extensively in Brylinski's book [4]. Gerbes provide a geometric realisation 




1 



for degree three cohomology in an analogous way to the way in which hne bundles (or U{1)- 
bundles) provide a geometric realisation of degree two cohomology. Gerbes are essentially 
sheaves of groupoids satisfying certain descent conditions but can be tricky to work with 
in practice. A much more appealing (at least from a differential geometric point of view) 
approach to the theory of gerbes, called bundle gerbes, was introduced by Murray [32]. These 
have been studied further (see for example UHl HBl [281 [301 [33]) and have found applications 
in physics as well as differential geometry (see for example [31 [71 [H [TSl [40] ). Insofar as a 
gerbe can be considered a sheaf of groupoids, bundle gerbes can be viewed as bundles of 
groupoids. They have a degree three characteristic class associated with them, called the 
Dixmier-Douady class, which can be described in terms of cocycles. However, one can also 
define a notion of connection and curvature (more precisely, 3-curvature) for a bundle gerbe 
and, using differential geometric methods, obtain a differential form representative for the 
image in real cohomology of the Dixmier-Douady class in analogy with the way the Chern 
class of a C/(l)-bundle is represented in real cohomology by the curvature of the bundle. 
Bundle gerbes arise very naturally in lifting problems such as the string structure example. 
This is the approach taken in [33] where a de Rham representative of the string class for a 
loop group bundle P is given in terms of data on the bundle. Namely, the authors find that 
the string class is given by 



where F is the curvature of P, V$ is the covariant derivative of a Higgs field for P and the 
bracket is the Killing form suitably normalised. They also extend Killingback's result - that 
is, giving the string class in terms of the Pontrjagyn class for some G-bundle - by using the 
so-called 'caloron correspondence' (which first appeared in |16]) which relates LG-bundles 
over M to G-bundles over M x S^. In particular, there is a bijective correspondence between 
isomorphism classes of principal LG-bundles over M and isomorphism classes of principal 
G-bundles over M x and if P — > M is an LG-bundle and P — > M x 5"^ is its corresponding 
G-bundle, then the authors find that the string class of P is given by integrating the first 
Pontrjagyn class of P : 



The first formula above can be used to recover the result from |llj in which the authors 
calculate the string class for the universal flG- bundl(0 (where OG is the based loop group) 
and show that the string class is a characteristic class for loop bundles (that is, OG-bundles 
of the form 0,Q — > il.X for some G-bundle Q X). A model for the classifying space of QG 
is given by the group G itself and H'^{G, Z) = Z so it is not unreasonable to expect the string 
class in this case to be the generator of this group. This is in fact true and it is shown that 
the string class for any loop bundle is given by the pull-back of this class by a classifying map 
for the bundle. 

This thesis deals with two natural questions which arise when one considers these results. 
The first concerns the relationship between the string class and the Pontrjagyn class and the 

^Actually, in [TT] the authors work with the group of smooth maps from the interval into G whose endpoints 
agree. In this thesis we extend their work to the group of smooth maps from the circle into G. 
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fact that the string class is a characteristic class for loop bundles. It is natural, firstly, to 
look for a way to generalise this to OG-bundles which are not necessarily loop bundles but, 
also, it seems possible that there is a more general theory of characteristic classes for loop 
group bundles which is related to characteristic class theory for G-bundles (i.e. Chern-Weil 
theory). In the first part of this thesis we provide answers to these problems. We give a 
generalisation of the result from [11] to fiG-bundles which are not loop bundles, that is, we 
show that the string class is a characteristic class. We then develop a notion of higher string 
classes for f]G-bundles which are also characteristic classes and are related to characteristic 
classes for G-bundles. In particular, we develop a kind of Chern-Weil theory for QG-bundles 
which gives characteristic classes from invariant polynomials on the Lie algebra g of G and 
data on the OG-bundle. This theory side-steps the complications which arise when trying to 
define the Chern-Weil map directly for bundles with infinite-dimensional structure group (for 
example, see [38]). It also provides a geometric interpretation of the well-known transgression 
map r: H^^{BG) H^^~^{G). 

The next question which it is natural to ask concerns the caloron correspondence described 
above (i.e. the correspondence between LG-bundles over M and G-bundles over M x S^). In 
trying to find a formula for the string class in terms of the Pontrjagyn class of a G-bundle (as in 
|35j ) one finds that it is necessary to make use of the caloron correspondence. So it is natural 
then to ask what kind of correspondence exists in the case where the G-bundle is not over 
M X but over a non-trivial principal S'^-bundle over M and, further, whether the methods 
of bundle gerbes can be applied to the lifting problem in this case. In fact, the first part of 
this question has been answered in [1] in connection with the Kaluza-Klein reduction of M- 
theory to type IIA supergravity. It turns out that there is a bijective correspondence between 
isomorphism classes of G-bundles over S'^-bundles and classes of bundles whose structure 
group is not the loop group, but the semi-direct product LG x 5^. In the latter part of this 
thesis we prove that this correspondence also holds on the level of connections (as in the case 
of a trivial circle bundle) and consider the lifting problem for an LG x S'^-bundle. We use 
the methods of [35] to find a de Rham representative for the image in real cohomology of the 
class which is the obstruction to the existence of this lift. We also provide a calculation of 
this class using a different method introduced by Gomi [18], that of reduced splittings. 

The outline of this thesis is as follows: In chapter 2 we describe the necessary background. 
We recall some important facts about spin structures and give an overview of Killingback's 
results on string structures. We also review the theory of bundle gerbes and their application 
to lifting problems. We then present, in some detail, the theory and results from Murray and 
Stevenson's paper [35], including the calculation of the string class for a general LG-bundle 
and the correspondence between LG-bundles over M and G-bundles over M x . We also 
include the extension of Killingback's result from this paper. 

In chapter 3 we show that the string class is a characteristic class for ilG-bundles (Theorem 
I3.1.3P and generalise some of the results from chapter 2 (albeit, only in the case of the 
based loop group) to higher dimensions. That is, we define cohomology classes in any odd 
dimension which are related to characteristic classes for G-bundles (in the same way that 
the string class is related to the Pontrjagyn class) and we prove that these are themselves 
characteristic classes. This gives a method of finding characteristic classes for an f]G-bundle 
given a universal characteristic class for G-bundles (that is, an element of H*[BG)). This is 
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detailed in Theorem l3.2.8[ We also provide a partial generalisation to the case of the free loop 
group (although here we work with the group of smooth maps from the interval into G whose 
endpoints agree). We give a model for the universal bundle and calculate its string class. 

In chapter 4 we present the calculation of the string class of an LG xi S'^-bundle (that is, 
the obstruction to lifting the structure group of an LG x S^-bundle to its central extension). 
This is given in Theorem 14.1.31 We also give the generalisation of the caloron correspondence 
from [T] which relates G-bundles over 5^-bundles to LG xi S'^-bundles. We show that this 
correspondence holds on the level of connections as well (Proposition 14.2^ . This allows us 
to prove a generalisation of the result from [35j relating the string class to the Pontrjagyn 
class of the corresponding G-bundle (Theorem 14.2.30 . Finally, we briefly outline how these 
results can be used to gain information about the more general case of lifting a bundle whose 
structure group is LG x Diff(5^), that is, where the loops in LG are acted upon by general 
(orientation preserving) diffeomorphisms of the circle. 

We make a final comment on terminology and conventions. Throughout this thesis we will 
work with many variations of the loop group. We give these here for convenience. The group 
of smooth maps Map(S'^,G) is denoted by LG and the subgroup of based loops which start 
at the identity by ^IG. In chapter 3 we consider slightly more general variants of these groups 
which consist of smooth maps from the interval [0, 2tt] into G whose endpoints agree. These 
are denoted by L^G in the free case and ^l^G in the based case. Finally, the terms principal 
G-bundle and G-bundle are used interchangeably and all bundles are assumed to be principal 
bundles unless specifically stated otherwise. Also, the circle group is denoted by either U{1) 
or - we make no distinction between the two. 
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Chapter 2 



String structures, bundle gerbes 
and Higgs fields 

In this chapter we shah present the relevant background required for the rest of the thesis. 
Namely, we describe the existing results on string structures and develop the theory of bundle 
gerbes, which will feature quite heavily in the sequel. 

2.1 String structures 

The existence of spinors and the Dirac operator is an essential aspect of quantum field theory. 
It is well known that in order to define these objects the underlying spacetime M must be a 
spin manifold. In [45j, in a study of global anomalies, Witten shows that there occurs a global 
anomaly in the worldline of a supersymmetric point particle in quantum mechanics unless M 
admits a spin structure. The analogue of this in string theory, that is, a global anomaly in 
the worldsheet of a string, was also studied in some detail. Killingback, in [22j, uses these 
results to determine topological conditions on the spacetime M. These conditions led to the 
definition of a so-called string structure on M. Let us first recall, then, what we mean by a 
spin structure and show how to find the analogue of this in string theory. 

2.1.1 Spin structures 

Let M be an orientable manifold and F — s- M its frame bundle. Then F is a principal SO{n)- 
bundle. There is a simply connected double cover of SO{n), called Spin(n) that fits into the 
exact sequence 

^ Z2 ^ Spin(n) ^ SO{n) 0. 

Thus we can consider lifting the frame bundle of M to a principal Spin(n)-bundle where by a 
lift of F ^ M we mean a principal Spin(n)-bundle F ^ M such that there is a bundle map 
F ^ F that commutes with the homomorphism Spin(n) — > SO{n). If such a lift exists, we 
say M has a spin structure, or simply that M is spin. More generally, we can consider any 
principal S'0(n)-bundle P ^ M and ask for a lift of P to a principal Spin(n)-bundle. If a 
lift exists in this case we say that P has a spin structure. It can be shown (see for example 
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|25j ) that a spin structure exists for P if and only if the second Stiefel- Whitney class, W2{P), 
vanishes. 

2.1.2 String structures 

As mentioned above, the Dirac operator, an integral element of quantum field theory, cannot 
be defined unless M is a spin manifold. The analogue of this operator in string theory is 
the Dirac-Ramond operator. In [45j Witten argued that the Dirac-Ramond operator can be 
considered as a Dirac-like operator on LM, the loop space of M. Thus, in searching for an 
analogous result for string theory, one is led to study principal bundles over LM. This is the 
subject of [22) . We shall briefly outline Killingback's argument here. Denote by LX the loop 
space of X, that is, the set of smooth maps from the circle into X, M.ap{S^,X). Consider a 
principal G-bundle Q ^ M (for G a compact, simple, simply-connected Lie group). Then 
by considering the associated loop spaces, we obtain a principal LG-bundle0 LQ — > LM, We 
shall call such a bundle a loop bundle. In the case that X = G, we have the loop group of G 
which has been extensively studied (see for example [39|)- There is an extension of this group 
by the circle S^, 

O^S^ ^LG^LG^O. 

This extension is central in the sense that the image of in LG is in the centre of LG. We 
shall look more closely at this central extension later. For now, let us just outline Killingback's 
result. Killingback considers, as the analogue of a spin structure for string theory, a lifting of 
the LG-bundle LQ to a principal LG-bundle LQ. The exact sequence above leads to an exact 
sequence of sheaves of groups over LM. That is, 

S} ^LG^ LG, 

where is the sheaf of ^-valued functions over LM. In general, if we have a short exact 
sequence of sheaves of abelian groups over X 

A^B^C, 

then this leads to a long exact sequence of sheaf cohomology groups (see [1]) 

> H''{X,A) H''{X,B) H''{X,C) H''+\X,A) ■ ■ ■ 

The same is not true, however, in the nonabelian case since we cannot define the cohomology 
groups H^{X,A) for j > 1. Indeed, if A,B and G are nonabelian, then H^{X,A), H^{X,B_) 
and H^(X,C_) are not groups but pointed sets. In this case, we can write down an exact 
sequence of pointed sets 

^ H^{X,A) H^{X,B) H°{X,C) H^{X,A) H^{X,B) H^{X,C), 

where by exactness here we mean the image of any map is exactly the pre-image of the 
basepoint in the next set in the sequence. There is no connecting homomorphism H^{X,C_) — > 

^For the proof that this in in fact a Frechet principal bundle, see [11] 
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H^{X,A) and so the sequence terminates. If we assume that A is central in B, however, then 
H^{X,A) is an abehan group for all j and it is possible to extend the sequence above one 
more step to the right ([4], Theorem 4.1.4) 

^ H^{X,A) H^{X,B) H^{X,C) 

H^{X,A) H^{X,B) H\X,C) H^{X,A). 

The short exact sequence above therefore leads to an exact sequence in sheaf cohomology 

. . . ^ H^{LM,S}) H^{LM,Ld) H^jLM. LG) H^{LM,S}), 

where, since LG and LG are in general nonabelian, H^{LM, LG) and H^(LM,LG_) are just 
pointed sets, whereas H^{LM, S}) and H^{LM,S}) are abelian groups. Now, since the set of 
isomorphism classes of principal ^-bundles over LM is in bijective correspondence with the 
set H^{LM,g) we see that the LG-bundle LQ G H^{LM,LG) has a hft to an LG-bundle 
exactly when LQ is the image of an element in H^(LM, LG ). That is, when the image of LQ 
in H^{LM, S}) is zero. Therefore, the obstruction to lifting a loop bundle LQ — > LM is a 
class in H'^{LM,S}). Now recall that the short exact sequence of groups 

leads to an exact sequence of sheaves (as above) 

which in turn leads to a long exact sequence of sheaf cohomology groups 

. . . ^ H^{LM,Z) H^{LM,R) H^{LM,S}) H^{LM,Z) ^ ... 

(since Z,]R and are all abelian). However, because M is a soft sheaf, H*{LM,'R) = and 
we have the following well known result (see for example [1]) 

H'^{LM,S}) ~ H^{LM,Z). 

So we see that the obstruction to lifting the LG-bundle LQ to an LG-bundle is a class in 
{LM, Z) . Since this lifting is the analogue in string theory of a spin structure for M, we 
call it a string structure for M and we call the obstruction class s{LQ) E H^{LM,1,) the 
string class. Killingback's main result, then, is a characterisation of this class in terms of 
the first Pontrjagyn class of the G-bundle Q M. In particular, ii pi(Q) £ H'^{M,Z) is the 
first Pontrjagyn class of Q, then Killingback shows that the transgression of this is the string 
class of LQ. That is, the string class is given by pulling-back pi{Q) by the evaluation map 
ev: LM x S*^ — > M to give a class on LM x and integrating over : 

s{LQ) = [ ev*pi(Q). 

We shall give a proof of this formula later (in section 12. 5p following the methods in [35] . 
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2.2 Bundle gerbes 



In order to perform calculations involving the string class and to extend Killingback's result, 
we shall use the theory of bundle gerbes [32], in particular, the lifting bundle gerbe (see 
section [2^ . In this section we briefly outline the theory (developed largely in [32j and [33] ) 
behind these objects. Bundle gerbes can be considered, in some sense, as 'higher' versions of 
J7(l)-bundles. Therefore, we start with some basic results on these bundles before describing 
the theory of bundle gerbes. 

2.2.1 [/(l)-bundles 

As mentioned, we shall begin by recalling some facts about U (l)-bundles and some construc- 
tions involving these bundles. Firstly, note that if P ^ Af is a C/(l)-bundle with right action 
given by {p, z) ^ pz (for p & P and z G U{1)) then there is a dual bundle, denoted P*, which 
is the same as P but with the action given by {p,z) i— > pz~^. Of course this is only a right 
action because U{1) is abelian. Further, if Q is another [/(l)-bundle over M, we can form 
the fibre product over M, P xm Q, which is a principal U{1) x C/(l)-bundle over M whose 
fibres are the product of the fibres of P and Q (i.e. {P x m Q)m = Pm x Qm)- By factoring 
out by the 'anti-diagonal' inside U{1) x U(l), that is, the set {{z, z~^)}, we obtain a principal 
C/(l)-bundle called the contracted product of P and Q and denoted P ® Q. It is easy to see 
that P P* is canonically trivialised by the section s: m i— > where p is any point in 

the fibre of P above m and p* is the same point considered as an element of P*. For if Sq, and 
sp are two such local sections then suppose Sa{rn) = \p,p*] and sp{m) = [q, g*], then we have 
that [q^q*] = [pz,p*z~^] for some z G U{1) and so Sa = sp. 

Note that if instead of considering C/(l)-bundles we equivalently considered complex her- 
mitian line bundles then the dual would correspond to the linear dual of a line bundle (i.e. the 
bundle whose fibres are the dual of those of the original bundle) and the contracted product 
would correspond to the tensor product of line bundles (the bundle whose fibres are the tensor 
product of the fibres of the original two bundles). Note also that if P and Q have transition 
functions g^p and /i^/? respectively relative to some open cover of M then P* has transition 
functions g~p and P ®Q has transition functions QajshajS- 

Another important property of C/(l)-bundles on M is the way in which they relate to 
H'^{M,'L). If a C/(l)-bundle P has transition functions Qap then on triple overlaps these 
satisfy the cocycle condition gp^ga^g^p — 1 ^'^d thus form a class in //-"^(M, [/(!)). Thus, 
from the argument in the previous section we have that a C/(l)-bundle defines a class in 
H'^{M, Z). This class is called the Chern class of the bundle P. It is a standard result (see for 
example [1]) that the Chern class classifies [/(l)-bundles up to isomorphism and, further, that 
given any class in H'^{M,Z) one can construct a C/(l)-bundle. So we see that isomorphism 
classes of C/(l)-bundles are in bijective correspondence with //^(M, Z). The Chern class is 
additive in the sense that if c{P) and c{Q) are the Chern classes of P and Q respectively, then 
c{P<S>Q) = c{P) + c{Q) and c(P*) = —c{P). It is natural in the sense that if we pull-back the 
bundle P ^ M by a map f : N M io give a f7(l)-bundle f*P N then c(/*P) = /*c(P). 

We can actually represent the image of the Chern class in real cohomology using differential 
forms quite easily. If A is a connection on P whose curvature is P, then P/27rz is a closed 
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integral form and its class in the de Rham cohomology group H^[M) is the image in real 
cohomology of the Chern class of P. 



2.2.2 Bundle gerbes 
Definitions and basic constructions 

Having reviewed some of the basic properties of C/(l)-bundles in the previous section, we 
would now like to present another object, first introduced in [32] and studied further in [33] . 
which is in some sense a higher dimensional version of a C/(l)-bundle as we shall see shortly. 

Consider a surjective submersion Y M. We can form the fibre product of Y with itself, 
which we denote Y^'^\ and we have (as before) 

y['] = {(yi,y2) e y X y [ ^(yi) = 7r(y2)}. 

Note that since tt is a submersion y[^] is a submanifold of Y"^. In general we have the p-fold 
fibre product Y^'^ defined similarly. We define the maps vTj : 
be omission of the i^^ factor, 

T^iivi, ■ ■ ■ ,yp+i) = {yi,---,yi-i,yi+i,---,yp+i)- 

We have, then, the following definition: 

Definition 2.2.1 ([32j). A bundle gerbe over a manifold M is a pair (P, Y) where y ^ M is 
a surjective submersion and P — > y t^' is a C/ (l)-bundle and such that there is a bundle gerbe 
multiplication, which is a smooth isomorphism 



m : TT^P ( 



TT*2P 



of ?7(l)-bundles over Y^^^. Further, this multiplication is required to be associative whenever 
triple products are defined. That is, if P{yi,y2) denotes the fibre of P over (2/1,2/2) G y'^^ then 
the following diagram commutes for all (2/1,2/252/3,2/4) £ Y^^^: 



^{yi,y2) ^ -^(2/2,2/4) ^ 
We sometimes denote a bundle gerbe simply by P. 
We typically depict a bundle gerbe thusly: 



^{yi,yi) ^{yA,yi) 



Pi 



(j/l:2/4) 



yi" 



y 



M 
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We can characterise the bundle gerbe multiphcation and its associativity in a different 
way using sections of bundles related to P as follows. If Q ^ is a C/(l)-bundle, define 

the bundle 5Q Y ^ as 

5Q = ttIQ (g) {tt^QY (S) vTgQ ® . . . 

Then it is easy to show that 55Q is canonically trivial. One can show that the bundle gerbe 
multiplication is equivalent to a section s of 5P Y^^^ and that the associativity condition 
is equivalent to the condition that (5s = 1 as a section of 65P (where 1 denoted the canonical 
section of 56 P). Indeed if p and q are elements of P[y-^^y2) and P(y2,y3) respectively, we can 
define a section s of 5P by 

2/2,^3) =p(S>m{p,q)* 0q, 

then the associativity of m forces the condition Ss = 1. Note that these conditions reflect the 
definition of a simplicial line bundle from [5j. So we see that a bundle gerbe is the same as 
a simplicial line bundle over the simplicial space defined by the fibre products Y^^h We shall 
discuss simplicial spaces and this relationship more in section [2^ 

In ^32j Murray claimed that bundle gerbes were essentially bundles of groupoids. Although 
it is not essential for our purposes let us briefly explain what is meant by this. Recall (see 
[26]) that a groupoid is a small category with all arrows invertible. Consider then a bundle 
gerbe {P, Y) over M. If we consider the elements of the fibre over m, Ym, as the objects of a 
category, then the elements of the fibre P(y^,y2) are the morphisms from yi to 2/2 and the bundle 
gerbe multiplication gives a way of composing these morphisms. Since P^^^ ~ P^'^^ and 

P(y^j,) ~ y[2l X U{1) (which can be shown using the bundle gerbe multiplication), this category 
is a groupoid. In [32] the theory of C/(l)-groupoids is presented in more detail as a prelude 
to the introduction of bundle gerbes. 

Just as for C/(l)-bundles, various constructions are possible with bundle gerbes |32j . Con- 
sider a map f : N ^ M. We can pull-back the submersion y ^ M to a submersion f*Y N. 
This gives a map / : f*Y^Y covering / which induces a map (also called /) {f*Yp Y^^l 
Thus we can pull-back the C/(l)-bundle P yt^] f gj^g ^ bundle f*P {f*Y)^'^l So 
we have a bundle gerbe over called the pull-back and which we will denote f*P- We can also 
define the dual of {P, Y) by taking the dual of the ?7(l)-bundle P over yl^l. We denote this by 
P*. We can form the product of two bundle gerbes (P, Y) and (Q, X) over M, denoted P®Q, 
by taking the fibre product Y xm X over M and the C/(l)-bundle P Q over {Y Xm X)^'^h 

We say two bundle gerbes {P, Y) and (Q, X) over M are isomorphic if there is an isomor- 
phism Y ^ X covering the identity on M and a bundle isomorphism P ^ Q covering the 
induced map y'^' A'^I and which commutes with the bundle gerbe multiplication. 

A particular example of a bundle gerbe is given by taking a C/(l)-bundle P over Y and 
defining 6P over y[2] as above. That is, 6P = tt^P ® (vr^P)*. Since 5dP is canonically trivial 
over y[^], it has a canonical section s which defines the bundle gerbe multiplication. This is 
called the trivial bundle gerbe and in general we say a bundle gerbe is trivial if it is isomorphic 
to one of this form. 

As was pointed out in [33] there is another notion of equivalence, in addition to isomor- 
phism, for bundle gerbes. This is the notion of stable isomorphism, first introduced in [7J and 
studied in detail in [33] • Two bundle gerbes {P,Y) and {Q,X) are called stably isomorphic if 
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there are trivial bundle gerbes Ti and T2 such that P^Ti c:^ Q®T2 or, equivalently, \l P®Q* 
is trivial. It turns out that stable isomorphism is in some sense the correct notion of equiva- 
lence for bundle gerbes because, as we shall see next, all bundle gerbes have a characteristic 
class associated to them and this class classifies them up to stable isomorphism. That is, two 
bundle gerbes have the same associated class exactly when they are stably isomorphic. This 
class is called the Dixmier-Douady class and it is to this which we now turn our attention. 

Bundle gerbes and degree three cohomology 

As mentioned earlier, bundle gerbes can be considered as higher dimensional C/(l)-bundles. 
We now explain why this is the case and describe how to construct a characteristic class for 
bundle gerbes which is analogous to the Chern class for C/(l)-bundles. 

Let {P,Y) be a bundle gerbe over M and choose a good cover {Ua} of M over which 
Y ^ M admits local sections. This is always possible (see [2j). Suppose that Sa- Ua ^ Y is 
a local section. We have a section of yt^' over double overlaps given by 

where Ua/s = n As Ua/s is contractible, the pull-back Pa/3 = {sa,s/3)*P of P by this 
section is trivial. The fibres of Pa/s are given by {Pap)m = -P(sQ(m),s^(m))- Choose a section 
(Tq,/3 of this bundle. That is, a map 

<7a/3 : Ua[3 ^ P 

such that (Tapi'm) G P{sc{m),sp{m))- On triple overlaps Uap^y the bundle gerbe multiplication 
gives 

for some gap^y'- Uap-y — > ^^(1)- On overlaps UapyS the associativity of this multiplication gives 
the cocycle condition 

dp-ySda-rSdapsdap-r ~ ^■ 

Thus the functions gaP'j define a class in H'^{M, U{1)) ~ H'^{M,'L). This class is independent 
of any choices and is called the Dixmier-Douady class of P and denoted DD{P). In [32] it is 
proven that this class is precisely the obstruction to the bundle gerbe being trivial. We also 
have the following results regarding the Dixmier-Douady class for the constructions presented 
earlier: If (P, Y) and {Q, X) are bundle gerbes over M then DD{P O Q) = DD{P) + DD{Q) 
and DD(P*) = —DD(P). The Dixmier-Douady class is natural with respect to pull-backs, 
that is, DD{f*P) = f*DD{P). 

As mentioned at the end of the previous section, the Dixmier-Douady class classifies 
bundle gerbes up to stable isomorphism. This is clear because P and Q are stably isomorphic 
exactly when P ® Q* is trivial and so the result follows from the fact that DD{P Q*) = 
DD{P) — DD(Q) and that trivial bundle gerbes have zero Dixmier-Douady class. 

In ^2] it is also shown that every class in H^{M,7j) is the Dixmier-Douady class of some 
bundle gerbe. This means that there is a bijection between H^{M, Z) and stable isomorphism 
classes of bundle gerbes. Thus bundle gerbes provide a geometric realisation of elements in 
H^{M,'E) in an analogous way to that of C/(l)-bundles and H^{M,Z). 
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Connective structures on bundle gerbes 

We have seen now the way in which bundle gerbes play a role for degree three cohomology 
analogous to that of C/(l)-bundles and degree two cohomology. As we saw in section 12.2.11 
C/(l)-bundles have the nice property that the image of their Chern class in real cohomology 
is represented by the form F/27rz, where F is the curvature of the bundle. We would now like 
to study connective structures on bundle gerbes and, as we shall see, a similar result is true 
in this case. 

Consider first the p-fold fibre product Y^p^ as before. Let Q'^{Y^p^) denote the space of 
differential g-forms on Y^p\ Then we can define a map 6: ni{Y^P^) as the 

alternating sum of pull-backs by the projections Hi : 

P+i 

s = Y^{-iy-\*. 

i=l 

Then 5^ = and so we have a complex 

In [32] it is proven that this complex has no cohomology. That is, the above sequence is exact 
for all g > 0. We shall use this result shortly. 

A bundle gerbe connection is a connection A for the ?7(l)-bundle P that respects the 
bundle gerbe product in the sense that the induced connection on tt2P is the same as the image 
of the induced connection on n^P (g) vr^P under the bundle gerbe multiplication. Note that if 
g- y[3] _j. is ^j^g section defining this multiplication, then this means that a bundle gerbe 
connection satisfies s*{6A) = 0. That is, 5 A is flat with respect to s. Using this observation, 
it is easy to see that bundle gerbe connections always exist. For consider a connection A on 
P that does not necessarily commute with the product. We cannot say that s*{6A) = but 
note that 5{s*{5A)) = (5s)* {56A), which is zero since 5s = 1 as a section of 65P and d6A 
is fiat with respect to the canonical trivialisation of 5SP. Therefore, by the exact sequence 
above there is some o € r2^(y[^l) such that 5a = s*(6A) and so s*{6{A — it* a)) = (where 
vr: P — 5- is the projection). Therefore, A — TT*a is a bundle gerbe connection. 

If F is the curvature of a bundle gerbe connection A viewed as a 2- form on yl^l, then 
SF = s*{6dA) = d{s*{6A)) = 0. This means that there is some B G Q^(y) satisfying F = 5B. 
A choice of such a P is called a curving for P. Note that if B' is another choice of curving then 
B and B' differ by a (^-closed (and hence (5-exact) 2-form on Y . As 8 and d commute, we have 
that 5{dB) = d{5B) = dF = 0. Therefore there is a 3-form H on M such that dB = ir*H (for 
TT the projection Y — > M). H is called the 3-curvature of P. It is closed and a different choice 
of B or H would result in a difference of an exact form. So H defines a cohomology class in 
H^{M). It turns out that the 3-form H/27ri is integral and that H/2Tri is a representative of 
the Dixmier-Douady class of P in real cohomology. 

2.3 Central extensions and the lifting bundle gerbe 

In this thesis, we wish to apply the theory of bundle gerbes to the study of central extensions 
of Lie groups and, in particular, to lifting problems as in section 12.11 For this purpose we 
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use a particular bundle gerbe called the lifting bundle gerbe and in this section we review the 
basic definitions and results required to develop the theory. We shall start by outlining the 
theory of central extensions, following [5j. 



2.3.1 Simplicial line bundles and central extensions 

We begin by recalling some simplicial techniques. Recall (see [H]) that a simplicial space is 
a collection of spaces {Xp} {p = 0, 1, 2, . . .) together with maps di : Xp Xp^i and Sj : Xp — > 
for i,j = 0,...,p, called face and degeneracy maps respectively, which satisfy the 
simplicial identities 

didj = dj-idi, i<j, 

SiSj — Sj-)-lSj, ^ ^ J) 

Sj~idi, i < j 
id, i= j, j + 1 

Sjdi^i, i>j + l. 



di Sj 



If we are working in the category of manifolds and smooth maps we say that {Xp} is a 
simplicial manifold. For example, consider the collectiorH {y[P+^l} of fibre products as in 
the previous section. These form a simplicial manifold with the obvious face and degeneracy 
maps. Note that for a general simplicial manifold {Xp} we can define a complex similar to 
the one described in section [22] by using the pull-backs of the face maps di. That is, we define 
6: n'i{Xp)^ni{Xp+i) by 

<5 = f](-l)X. 

Also, as before, if Q is a [/(l)-bundle (or an hermitian line bundle) over Xp then we can define 
a bundle over Xp+i by 

6Q = d*Q {dlQY ^d*2Q®... 

The particular example of interest to us is a certain simplicial manifold associated to a Lie 
group which we describe presently. Let ^ be a Lie group. There is a simplicial manifold called 
NG = {NQp} given by the manifolds {G^} and face and degeneracy maps di and sj where 



diigi, ■ ■ -igp+i) 



(S'2,---,9p+i), ^ = 

iai, ■ ■ ■ ,9i-i9i,9i+i, ■ ■ -idp+i), 1 < i < P 
.(5i,---,ffp), i = P 



and 



Sj{gi,---,gp+i) = {gi,...,gj-i,l,9j,---,ap+i)- 

We would like to consider central extensions of G by the circle and show how they are related 
to NQ. For this, we follow Brylinski and McLaughlin [5] where the result is phrased in terms 
of simplicial line bundles. We have the following definition 



^Note that here Xo = Y,Xi = F^l , Xa = F '^^ , . . . and so on 
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Definition 2.3.1 ([5]). Let {Xp} be a simplicial manifold. A simplicial line bundle over {Xp} 
is a line bundle L on Xi together with a section s of the bundle 5L X2 such that 6s = 1 
as a section of 56 L. 

Notice the similarity with the definition of a bundle gerbe. In fact, instead of using U{1)- 
bundles, we can rephrase everything about bundle gerbes in terms of line bundles and we see 
that a bundle gerbe is the same thing as a simplicial line bundle over the simplicial space 

Now consider a central extension of Q by the circle 

If we think of this as a ?7(l)-bundle Q ^ Q then we must have a multiplication M : Q x Q Q 
which covers the multiplication on Q, that is, m = di: Q x G ^ G- Because ^ is a central 
extension we must have M(gz,hw) = M{g,h){zw) for any g,h €z G and z,w € U{1). In a 
similar way to that in which the bundle gerbe multiplication on a bundle gerbe P gave rise 
to a section of 6P, this gives a section of 6G, 

s{g,h) = g®M{g,hy ® h, 

where g and h are points in the fibres over g and h respectively. The associativity of this 
multiplication is equivalent to the condition 5s = 1 as before and hence a central extension 
gives rise to a simplicial line bundle. In fact it can be shown that they are equivalent and we 
have the result from [5]: 

Theorem 2.3.2 ([5j). A simplicial line bundle over the simplicial manifold NG is a central 
extension of G by the circle. 

We wish to perform explicit calculations using differential forms so, following [34] and 
[35], we shall rephrase this result in terms of differential forms on G^ and give a method 
of constructing central extensions using these forms. Consider then, a connection v for G 
thought of as a C/(l)-bundle over G- As in the treatment of bundle gerbe connections in 
section 12.21 we can consider the induced connection 61' on the bundle 6G ^ G x G and then, 
as this bundle is trivial, we can pull-back 6^ by the section s. Let a = s*{6u). In general a 
is non-zero. However, we have that 6a = 6{s*{6i^)) = {5s)*{66i') = 0. Furthermore, we also 
have da = s*{d6i') = 6R, where R is the curvature of viewed as a form on G- Therefore we 
have constructed from the central extension a pair of forms (i?, a), where R £ i^'^{G) is closed 
and integral and a € x ^) is such that 6R = da and 6a = 0. In fact, as we shall now 

show, this pair is sufficient to reconstruct the central extension. Recall (see for example [5) 
that given an integral 2-form R € ^'^{G) there exists a principal C/(l)-bundle P G with 
a connection a whose curvature is R. Also, it is a standard result (see [23]) that if Q is a 
bundle over a simply connected base which admits a flat connection A, then Q is trivial and 
there is a section s of Q such that s*A = 0. In terms of the construction here, this means 
that we can find a bundle P ^ G with curvature R and because da = 6R, we have that 
6a — 7r*a is a flat connection on 5P G ^ G- Therefore, there is a section s of 5P satisfying 
s*{5a) = a. As before, this section defines a multiplication and we can calculate 6s which we 
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want to be equal to 1. Now, {6s)* {66a) = 6{s*{6a)) = 6a = and for the canonical section 1 
we also have l*{66a) = 0. This means that they differ by an element of U{1) and so rather 
than associativity of the multiplication M defined by s we have 

M{M{g,h),k)=zM{g,M{h,k)) 

for some z G U{1). However, if we choose some g in the fibre above the identity e in Q then 
M{g,g) is also in the fibre above e and so g and M{g,g) differ by some w G U{1). That is, 
^{9^9) = 9W- Let h and k both be equal to 5 G 7r^^(e). Then the formula above reads 

M{M{gr9),9)=zM{g,M{g,g)) 

and so gvo^ = gw'^z and we see that in fact z = 1. 

Thus we have constructed a central extension from the pair {R, a) and this construction 
recovers the original extension (which follows from the fact that P has curvature R and the 
definition of a above). Note that isomorphic central extensions (where by isomorphic, we 
mean isomorphic as [/(l)-bundles and as groups) give rise to the same R and a and that 
in constructing the pair {R, a) if we had chosen a different connection, by adding on the 
pull-back of a 1-form rj on Q, then we would have the pair {R + dij, a + 6r]). Also, note that 
the section constructed above from the flat connection is not unique but changing this by 
multiplying by a constant z in U{1) would change M to Mz and, as the extension is central, 
this would give an isomorphic central extension. So, as in [35], we have a bijection between 
isomorphism classes of central extensions with connection and pairs of forms satisfying the 
conditions above. 

2.3.2 The lifting bundle gerbe 

Having reviewed a method for constructing central extensions, we would like now to link 
the theory of central extensions with that presented earlier on bundle gerbes. We present a 
particular example of a bundle gerbe related to central extensions, first introduced in [32], 
called the lifting bundle gerbe whose Dixmier-Douady class is precisely the obstruction to 
lifting a ^-bundle P to a ^-bundle P. 

Consider then a principal ^-bundle P M. Choose a good cover of M and consider the 
transition functions ga/3 of P relative to this cover. We can choose lifts of these functions 
gaf3 which take values in Q and these are candidates for the transition functions of the lift P. 
However, transition functions are required to satisfy the cocycle condition gap9i3-^ = 9a^ on 
triple overlaps but the lifts gap only satisfy 

for some C/(l)-valued function ea/S'y- This means that the ^a/j's are not necessarily transition 
functions. However, due to the fact that ^ is a central extension, it can be shown that the 
functions eafd-y satisfy the cocycle condition 
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Therefore, (-ap-y 

defines a class in H'^{M, U{1)) ~ H^{M,Z). As per the discussion in section 
12.11 this class is the obstruction to lifting the transition functions gap to transition functions 
(jajj and hence the obstruction to lifting P to P. 

If we take the principal ^-bundle P ^ M and consider the fibre product -P'^' ^ P then 
there is a natural map r : pl^l Q, called the difference map, given by Pit{pi,P2) = P2- If we 
view ^ as a C/(l)-bundle over Q then we can pull-back Q by this map to obtain a J7(l)-bundle 
over : 

T*g — 
pm^g 

where 

T*g = {{pi,P2,g) I p{g) = t{pi,p2)} . 

Note that t{pi,P2)t{p2,P3) = T(pi,p3) and so, because the multiplication in g covers that in 
g, we have an induced map 

which serves as a bundle gerbe multiplication for the bundle gerbe (r*^, P) over M. This 
bundle gerbe is called the lifting bundle gerbe. We would now like to examine its Dixmier- 
Douady class. Recall from section 12.21 the construction of the Dixmier-Douady class of a 
bundle gerbe. This involves taking sections Sa and S/3 of P to give a section {sa, Sf3) of 
over Uaf3- We then pull-back the bundle T*g by {sa,sp) to give a bundle (sa, sp)*{T*g) 
Ua/3- The Dixmier-Douady class of T*g is related to sections of this bundle, that is, maps 
(Tap'- Uap — > T*g such that a{m) £ ■7"*^(s„(rrt),s^(m))- The bundle gerbe multiplication (which 
in this case is given by the multiplication in g) gives aajjcr^^ = gap^^^a-y for some C/(l)-valued 
function gap^y and the image of this in H^{M,Zi) is a representative for the Dimier-Douady 
class of T*g. Note at this point, however, that as P is a principal ^-bundle, the sections Sa 
and Sf3 are related by the transition functions gap- That is, S/3 = Sagap- This means that 
(•Sa, sp)*{T*g) is given by triples (sq,, sp,g) where p[g) = gap- So in fact a section Uap is given 
by the candidate transition functions gap- Therefore, the sections Gap satisfy 

Sapgp-y = ^ap-yQa-y, 

or 

dp-yda-ydap — ^ap-y, 

which is precisely the relation above for the obstruction to the existence of a lift. Thus the 
Dixmier-Douady class of the lifting bundle gerbe (r*^, P) measures the obstruction to lifting 
the ^-bundle P to a ^/-bundle P- So the lifting bundle gerbe is trivial exactly when P lifts to 
a g bundle. 

In the next section we shall demonstrate how to find a representative for the obstruction 
class of a particular lifting problem using the methods outlined already from the theory of 
bundle gerbes. 
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2.4 The string class of an LG-bundle 



Having outlined the theory of central extensions and bundle gerbes we are now in a position 
to extend Killingback's result to general LG-bundles. In this section we will review the 
calculations from [35j which give an explicit expression for (the image in real cohomology of) 
the string class of an LG-bundle P M, where here we do not require P to be a loop bundle 
as in section [27T1 



The central extension of the loop group 

In the previous section we showed how to classify isomorphism classes of central extensions 
of a Lie group Q using a 2-form i? on ^ and a 1-form a on G x Q. Now suppose that G = LG, 
the loop group of a compact, simple, simply connected Lie group. In this case we can give 
these forms explicitly, thus making it possible to perform calculations involving the central 
extension LG of LG. 

In [39j Pressley and Segal give a well known expression for the curvature of a connection 
on the central extension LG. Namely, 



R = ^ [ {e,de)de, 

4vr J si 



where Q is the (left-invariant) Maurer-Cartan form on LG, which is defined pointwise, d 
denotes the derivative in the loop direction, that is, the derivative with respect to 9 and 
( , ) is an invariant inner produdo on Lq (defined pointwise) normalised so the longest root 
has length squared equal to 2. To construct the central extension we also need a 1-form 
a satisfying 6R = da and 5a = 0. In this case it is easy to find such an a. First note 
that 6R = 7r|i? — m*R -|- vTgi? where m is the multiplication in LG and tTj is the projection 
LG X LG LG which omits the i*^ factor. Then vr*i? is given by 



and using the identities 



^ / (7r*e,5<e)d0. 

•J S 



at the point 7 G LG, and 

5(ad(7"^)X) = ad{-/~'^)[X,d-/j'^] + ad{-/''^)dX, 
for a vector X £ Lq, we can calculate m*R to be 



47r 



(61,561) + ([ei,ei],57272"^) + (61, d(a7272"^)) 

+ (62, 5(ad(72-^)Gi)) + (02, 962) d9. 



^We shall refer to this as the Killing form since all invariant, bilinear, symmetric forms on g are proportional 
and so this is just the Killing form with a suitable normalisation. 
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where we have written ©i for vrl© and so on. So 

•Ji? = _^^([ei, ©i],97272"^) + (ei,d(a7272"')) + (02,5(ad(72-')ei)) d^, 
and using the identities above and integration by parts, we have 

^TT J SI 

Therefore, if we define 

« = 7^ / {7T*2e,7riz)de, 

for Z : LG Lq the function 7 1— > c?77~^, then we see that da = 6R. Also, one can check 
that 6a = 0. 

A connection for the lifting bundle gerbe 

Now that we have a construction of LG in terms of the differential forms R and a, we can 
consider the problem of lifting the LG-bundle P — > M to an LG-bundle P — > M. We can write 
down the lifting bundle gerbe for this problem, that is, the bundle gerbe {t*LG, P) over M, 
and we would like a connection on this bundle gerbe so we can calculate its Dixmier-Douady 
class. 

Consider, then, the map r: pl^^ LG above. We can extend this to a map r: p[^+^] — > 
LG'^ by defining 

T{pi,---,Pk+i) = {t{pi,P2), ■ ■ ■ ,r{pk,pk+i)). 

This is a simplicial map. That is, it commutes with the face and degeneracy maps for the sim- 
plicial manifolds {pl^l} and {LG^}. This means that for differential forms on these manifolds, 
6 commutes with pull-back by r. Now consider the connection u on LG (whose curvature is 
the form R). The natural choice for a bundle gerbe connection would be the pull-back, r*i/, of 
this form to t*LG. However, t*^ is not a bundle gerbe connection because it does not respect 
the product. That is, s*{5t*i') is non-zero. We know from the discussion on bundle gerbe 
connections in section [2^2] that S{s*{5t*u)) = and so there is some form e on pl^l such that 
6e = s*{St*i'). Then r*z/ — e will be a bundle gerbe connection on t*LG. In fact, in this case, 
since a = s*{5i') by definition, we have s*((5r*i/) = T*a. So 6{s* {St*^)) = 5T*a = T*5a = 
as (5q = and so e satisfies 6e = T*a. Thus it suffices to find a 1-form e on P^l satisfying 
6e = T*a. 

The form T*a is given by 

l-ljr^,e,r^^Z)d9 

where we have written Tij for T{pi,pj). In order to solve for e, we need to choose a connection 
A on P. Then using the equation piT{pi,p2) = P2 and the Leibnitz rule (see |23j). we find the 
identity 

ttIA = ad(r^^^)7r2^ + T12©. 
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Therefore we have 

T*a = ^ j^^ Ka^ - ad(rf2^)7r^3^, Ot^^t:^^) d9, 
where Tr23{pi,P2,P3) = Pi, etc. Now define 

^ = 1^ f {Tr*2A,T*Z)d9. 

J SI 

Then, using the simpUcial identities and the fact that TijTj^ = Tj^, we have 
5e = vr^e — TTge + vTge 

= ^ lj7Tl,A,T*^Z) - {7T*,A,ad{T,2)T*^Z)de 
(^13^ - ac^(n"2^)^23^> ^^23 "^2^^) dO. 

It turns out [43j that in general, e can be written in terms of a and A. We shaU demonstrate 
in section 14.11 how to find e in general. 

Since we want to calculate the 3-curvature of the lifting bundle gerbe, we are really inter- 
ested in the curvature of the connection r*z^ — e. This is given hy T*R — de. Using the identities 
given above, we have 

T*R = ^ [ {T*e,dT*e)de 

4^ Js^ 

[ {A2 - ad{T-^)Ai,d{A2 - adiT~^)Ai)) de 

[ {A2,dA2) + {Ai,dAi) + {[Ai,Ai],T*Z) - 2{ad{T-^)Ai,dA2) d9, 



i 

4tt 



and 



de = — [ {dAi,T*Z) - {Ai,d{T*Z))de 
2vr J si 

[ {dAi,T*Z) - {Ai,dAi) + {[Ai,Ai],T*Z) - {ad{T-^)Ai,dA2)de. 



2^ 



Therefore 



r*R-de = — I (vr*^, ^vr* A) - (vr^ A, dixlA) - 2(7r*F, t*Z) d9, 
4vr J SI 

where F = dA + ^[A, A] is the curvature of A. 
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A curving for the lifting bundle gerbe 

The next step is to find a curving for t*LG. That is, we wish to find some 2-form B on P 
such that SB = t*R - de. Note that 6: n'^{P) ^^(pP]) ig given by 5 = vrj - tt^, so we can 
write T*R — de as 

Thus we just need to find some B2 G f2^(P) such that 

<5B2 = 7^ / {n*2F,T*Z)de. 

^TT J SI 

To solve this equation, we use a Higgs field for the bundle P. A Higgs field is a map $ : P ^ Lg 
satisfying 

It is clear that Higgs fields exist. Since they exist when P is trivial and convex combinations 
of Higgs fields are also Higgs fields, we can use a partition of unity to construct a Higgs field 
in general. We shall explain the geometric significance of this map in the next section. For 
now, note that if we pull back $ to Pl^l it satisfies 

ad(r)7ri*$ = 7r;$ + r*Z. 

This just comes from the condition above and the definition of r. Then we see that 

{7r*^F,T*Z) = (7r2*P, ad(r)<$) - {7r*^F, tt*^^) 

= (ad(T-i)7r2*P,7rt$) - (tts^P, 7r2*$). 

But one can demonstrate (in a similar manner to the proof of the equation above relating 
TT^A and TTg^) that the curvature F satisfies 

ttIF = ad{T-^)TTlF 

and so we have 

(^2*P,r*Z) = (7ri*P,7ri*$) - (Tr^P, tt^^). 
Therefore, a curving is given by 

B = ^j^^h{A,dA)-{F,^)de. 
The string class of an LG-bundle 

Now that we have a curving for the lifting bundle gerbe we can find a representative for the 
string class s(P) by calculating the 3-curvature H = dB. We have 

dB = ^ [ \ (dA, dA) - \ ddA) - {dF, $) - (P, dO. 
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Integration by parts and the Bianchi identity dF = [F, A] yields 



dB = — f {dA, dA) - {F, [A, $]) - (F, dO 
2vr J SI 

and since the integral over the circle of ([^4, A],^^) vanishes, we find 

dB = ^ [ {F, dA) - (F, [A, CD]) - {F, d<^) dO. 



This descends to a form on M and so 



H = -^JjF,S/^) de, 



where 

V$ = + [A, - OA. 

Thus we have the result from |35j 

Theorem 2.4.1 ([35]). Let P ^ M be a principal LG-bundle. Let A be a connection on P 
with curvature F and let ^ be a Higgs field for P. Then the string class of P is represented 
in de Rham cohomology by the form, 



where V<D is the covariant derivative above. 



2.5 Higgs fields, LG-bundles and the string class 

Recall Killingback's result from section [2TT] regarding string structures of a loop bundle. That 
is, if Q — > M is a principal G-bundle and LQ — > LM is the LG-bundle obtained by taking 
loops, then the string class of LQ is the transgression of the first Pontrjagyn class of Q, i.e. 

s{LQ) = [ ev*pi(Q). 

In the last section we obtained, following the methods of [35], a general expression for the 
string class of a principal LG-bundle P — > M which is not necessarily a loop bundle. In 
this case we can prove a result analogous to Killingback's by using a correspondence between 
LG-bundles and certain G-bundles. This will also enable us to provide an easy proof of 
Killingback's result. 
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2.5.1 Higgs fields and LG-bundles 

The following correspondence first appeared in [16] in a study of calorons (monopoles for the 
loop group) and, in the context in which we are interested, in [35] • We shall present the 
construction here in some detail since we will generalise this result in section to LG x S"^- 
bundles and it will be instructive to see the introductory case in depth. 

We wish to set up a bijective correspondence between LG-bundles over M and G-bundles 
over M X S^. Consider the LG-bundle P x ^ M x where the LG action is trivial on the 

factor. Then use the evaluation map ev: LG x ^ G to form the associated G-bundle 
P ^ M X S^. That is, define P by 

P = {PxGx S^)/LG 

where LG acts on P X G X 5^ by (p, 9, 61)7 = ip-/,-/ie)'^g,0). Then there is a right G action 
on P given by \p,g,9]h = [p,gh,6] (where square brackets denote equivalence classes) and a 
projection if: P ^ M x given by Tt{\p,g,6]) = {'ir{p),6). This action is free and transitive 
on the fibres (which are the orbits of the G action) and hence P — > M x 5^ is a principal 
G-bundle. 

Conversely, given a G-bundle P ^ M x S*^ we can define fibrewise an LG-bundle P — > M 
by taking sections of P restricted to a point in M. That is, the fibre of P over m is 

Pm = r(P|{m}x5i) 

or 

Pm = {f: ^Pmf{d)) = {m,e)}. 

The LG action here is the obvious one derived from the G action on P. The transition functions 
of this bundle are simply the transition functions of P considered as functions from an open 
set of M to LG, for if {Ua x S^} is an open cover of M x 5^ and Sa is a section of P then 
since elements of P are loops in P, a section of P is given by Sa{m){9) = Sa{m,6). If sp is 
another such section, then the transition functions of P, gaf3 '■ Ua^Uj^ ^ LG, are given by 

si3{m) = Saim)gai3{m). 

Evaluating at 9 gives 

Sfi{m){e) = Sa{m){e)gap{m){e). 
But Sj3{m){9) = spim^O) (and similarly for a), so we have 

gaf3{m){e) = gai3{m,9) 

where gap are the transition functions for P. We can actually give a global description of this 
bundle quite easily by considering the map 

T]-. M ^ L{M X S^)] {9 ^ {m,9)). 
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That is, 'q{m){6) = {m,6). Then the bundle P is the puhback of the LG-bundle LP — >• 
L{M X : 

ri*LP = P *- LP 

M — ^L{M X S^). 

Thus we have a way of constructing a G-bundle given an LG-bundle and vice versa. It remains 
to be shown that this is a bijection on the set of isomorphism classes of these bundles. That 
is, if we start with a G-bundle P and construct P and then form the G-bundle corresponding 
to that bundle, say P', we have that P' is isomorphic to P. And similarly, if we start with P 
and construct P and then construct the LG-bundle corresponding to that, say P', then these 
are isomorphic. To see this, first consider a G-bundle P and construct P as above. Then P' 
is given by 

P' = {PxGx S^)/LG 
where for [p, 5, 0] € (P x G x S^)/LG, p is a map S"^ — > P as above. Define a bundle map by 

f:P'^P; \p,g,9]^p{9)g. 

This is well-defined, since [p'y,^i9)~^g,0] 1— > {P7)iG)^{9)~^ g = p{9)g and commutes with the 

G action, since [p,g,6]h = [p,gh,9] 1— > p{9)gh = {p{9)g)h. Hence / is a bundle isomorphism. 
On the other hand, if we consider an LG-bundle P and construct P = (P x G x S^)/LG then 
P' is given by the pull-back above. Notice that if we define the map fj: P ^ LP by 

V{p){9) = [p,l,9] 

then fj covers rj: M ^ L{M x S^), that is, 

P -^LP 

M^^L(M X S^) 

commutes, and so P is isomorphic to the pull-back P' . Thus we have proven 

Proposition 2.5.1 (|161l35j). There is a bijective correspondence between isomorphism classes 
of principal G-bundles over M x and isomorphism classes of principal LG-bundles over 
M. 

Importantly for our purposes, this correspondence holds on the level of connections as 
well. More specifically, if we have a G-bundle with connection we can construct an LG- 
bundle with connection and Higgs field and, conversely, given an LG-bundle with connection 
and Higgs field we can construct a G-bundle with connection. We shall see that the Higgs 
field is essentially the component of the connection on P. 
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Suppose we have a connection A on P. We can define a connection on P (which is an 
Lg- valued 1-form) by Ap{X){9) = Api^0^{Xg), where X is a vector in TpP (i.e. a vector field 

along p in P), and so Xg G Tp(^Q^P. This is a connection by virtue of the fact that A is. If we 
view A as a splitting of the tangent space at each point in P, then we can easily see that A 
is given by essentially the same splitting since for each € S^, TpP splits as 

Tpie)P ^ Vp(e)P e Hp^e)P 

where is the vertical subspace at p{9) and Hp^^g-^P is the horizontal subspace. 

Suppose instead we are given an LG-bundle P with connection A and Higgs field ^. Then 
we can define a form on P x G x by 

A = ad{g-^)A{e) + 9 + ad{g-^)<^> dO . 

This form descends to a form on P and the connection (also called A) is given by this equation 
considered as a form on (P x G x S^)/LG. To show that this is well defined, we need to check 
that it is independent of the lift of a vector in P. That is, if X and X' are two lifts of the vector 
X G T[pgg]P to the fibre in PxGxS'^ above [p, g, 0], then A{X) = A{X'). Suppose then, that 

X G T^p,9,9){P xGxS^) and X' G T^p,g,9)-y{P x G x S^). Then Xj G T^p,gfi)-y{P x G x 5^), 
and X' and X7 differ by a vertical vector (with respect to the LG action) at {p,g,0)'y = 
{pj,'y{9)~^g,9) and so it is sufficient to show that A is zero on vertical vectors and invariant 
under the LG action (since then A{X') = A{Xj + vertical) = A{X)). Because any compact 
Lie group has a faithful representation as matrix group [39], we can expand the exponential 
map as exp(t^) = 1 + + . . . . Therefore, the vertical vector at {p, g, 9) generated by ^ G -Lg 
is 



dt 

- ^ 
~ dt 



{p,g,9)exp(tC) 



(pexp(t^),exp(-t^(6'))c/, 





(where we have written for the derivative evaluated at t = 0), and so 

A{V) = ad{g-')A{ipiO){9)-g~'m9 

= 0. 

So A is zero on vertical vectors. Now, suppose X = {X,gC,xg) is given by 

^ {lxit),gexp{tC),9 + tx), 



24 



where (t) is a path in P whose tangent vector at is X and where ^ and x are elements of 
the Lie algebras of G and respectively. Then 



(7x (Ot, + tx)g exp(tC), ^ + tx) 

) 

(7x(i)7,7(^)5iC + txd-f{e)g, 6 + ia;) 



_ d_ 

= {Xj,j{9)g{C + xad{g-'h{9r'dj{9)),x). 







So 



^(P7,TW-iff,e)(^7) = A(p^,-y{e)-^g,e){X'y,7{d)9{C + xad{g ^)j{9) ^dj{9)),x) 
= ad{ij{9)-'g)-')A{Xj) + C + xad{g-'M9)-'dj{9) 

+ ad{{^{9)-'g)-')x^in) 
= ad{g-')ad{j)ad{j-')A{X){9) + ( + xad{g-'M9r'dj{9) 

+ ad{g~^)xad{j){ad{j~^)^{p) + J~^d-f) 
= ad{g-^)A{X){9) + C + adig-^)x^p). 



Therefore A is invariant under the LG action and so defines a form on P. This form is a con- 
nection form since if [X,g(,X0] is a vector at \p,g,9], then [X,g<^,xe]h = [X, ghad{h~^)<^,X0] 
and so 

A{[X,gC,xe]h) = ad{h-^g-^)A{X){9) + ad{h-^)C + adih-^g-^)x^{p) 
= ad{h-')A{[X,gC,xe]) 

and further, the vertical vector at [p, g, 9] generated by G g is given by 

at |o 

= [o,gCO] 

and so i(F^) = C- 

We have shown already that the correspondence outlined above is a bijection between 
isomorphism classes of bundles. Now we will show that in fact it is a bijection between 
isomorphism classes of bundles with connection. So given a G-bundle P with connection A, 
we construct the LG-bundle P with the connection A as above. Then construct the G-bundle 
P' (which is isomorphic to P) and give it the connection A' which we just outlined. Of course, 
to do this we'll need a Higgs field for P. Recalling that elements of P are essentially loops in 
P, we can define a Higgs field by 

= A{dp). 
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This is a Higgs field since if we calculate $(^7) we get 

i(a(p7)) = i((FT)*^) 

= ad{j-'^)A{dp) + -f-'^d-f. 

(Note that this is essentially the part of A. That is, if we take a section s oi P ^ M x 
we can get a section s of P — > M by s{m){9) := s(m, 0). Then if we pull-back $ by s we get 

{s*^){mm = {~s*A){m,e) 



= is*A)eim, 



where {s*A)0 is the part of {s*A) - i.e. the coefficient of d9 - and since the ^ kills all but 
the dO part.) 

Therefore, the connection A' is given in terms of A as 

K,g,9] = adig-')Ap^e) + e + adig-')Aidp)de. 

Recall that P' is isomorphic to P via the map 

f:P'^P; \p,g,9]^p{e)9, 

so we would like to have f*A = A'. Now, f*A{[X,g(^,X0]) = A{f^:[X,g(^,xe]) and, as before, 
if 7x(i) is a path in P whose tangent vector at is X and if ^ and x are elements of the Lie 
algebras of G and respectively, then 



f4X,gC,X0] = ^ 



hxit){e + tx)gexpitO) 



^(7x(t))(^ + tx)gexp{tO + 7x(i)(^ + tx)gj^ exp(tC) 

+ d-ix{t){0 + tx)xgex.p{tC) 

X{e)g + tp(e)g(C) + dp{e)xg 



and so 

= A'{[X,gC,xe]). 

If, on the other hand, wc had started with the LG-bundle P with connection A (and Higgs 
field then A' would be given by 

^;ww=^p(e)(^e) 
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and recalling that the isomorphism between P and P' is essentially given by f{p) = {9 ^ 
[p, 1, 9]), we have 

rj^^{X){9) = A,{X){9). 

Hence, we have 

Proposition 2.5.2 ([35j). The correspondence from Proposition \2.5.1\ extends to a bijection 
between G-hundles on M x with connection and LG-bundles on M with connection and 
Higgs field. 

2.5.2 The string class and the first Pontrjagyn class 

As mentioned previously, the correspondence above provides us with a result analogous to 
Killingback's. We have 

Theorem 2.5.3 ([35]). Let P M be an LG-bundle and P —>■ M x the corresponding 
G -bundle. Then the string class of P is given by integrating over the circle the first Pontrjagyn 
class of P. That is, 

s{P) = I pi{P). 

Proof. If F is the curvature of a connection on P then the Pontrjagyn form is given by 

Pi(^) = -^(^'^)- 
In this case we know that A is given as in the previous section. That is, 

A = ad{g-^)A + 9 + ad{g-^)^ d9, 
so we can calculate its curvature using F = dA + ^[A,A]. Now, 

A] = ^[ad{g-^)A + 9 + ad{g~^)<^ d9, ad{g'^)A + 9 + ad{g'^)^ d9] 
= lad{g-^)[A,A] + i[9,9] + [e,ad{g'^)A] 

+ ad{g-^)[A, ^]d9 + [9, ad{g-^)<^]d9. 

So we just need to calculate dA = d{ad{g^^)A) + d@ + d{ad{g~^)^)d9 . Now, if w is a 1-form 
then for tangent vectors X and Y we have 

duj{X, Y) = i {X{uj{Y)) - Y{uj{X)) - uj{[X, Y])} , 

so let {X,g^.,XQ) and {Y,g(,yg) be two tangent vectors to P at the point \p,g,9]. Then for 
d{ad{g~^)A), first calculate 

iX,g^,xe)iadig-')Ap{Y)g) 

{l-t0g-^A.^^^t)iY)^e+tx)9il + t0 

) 

{ad{g-')A^^^t){Y)e)+ad{g-')dApiY)x-[^,ad{g-')Ap{Y)e]. 



d 
di 
d_ 
di 
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This yields 

d{ad{g-^)A) = ad{g-^)dA - ad{g-^)dA A dO - [Q, ad{g-^)A]. 
Similarly, for d{ad{g~^)^)d9 we have 

{X,g^,xe){ad{g-^)^{p)e) 

(1 - ti)g-^^{^x{t))ie+tx)9{'^ + to 



{ad{g-^Mjx{t))) + ad{g~^)d<^x - [^,ad{g-^)<!>{p)e], 



d_ 
di 
d_ 
di 



and so 

d{ad{g-^)^)de = ad{g-^)d^ AdO- [G, ad{g-^)^]de. 
Putting these together gives 

F = ad{g'^)dA - ad{g-^)dA AdO- [9, ad{g~^)A] + dQ 

+ ad{g-^)d^ Ade- [B, ad{g'^)^de + \ad{g-^)[A, A] 

+ i[e,e] + [Q,ad{g-^)A] + ad{g-^)[A,^de +[Q,ad{g-^)^de 
= ad{g-^) [dA + \[A, A]+d^ Ade + [A, ^dO -dAA dO) 



That is, 

F = ad{g-^){F + V^de). 
Then the Pontrjagyn form is given by 

P^^P) = (^^' ^) + dO) , 

and integrating over the circle gives the required result. □ 

A proof of Killingback's result 

We now have a result which is more general than Killingback's result since it can be applied 
to a general LG-bundle, not just a loop bundle. We now show how Theorem 12.5.31 gives a 
method for proving Killingback's result. 

Corollary 2.5.4. Let LQ — > LM be a loop bundle, that is, a principal LG-bundle obtained 
by taking loops in a G -bundle Q M. Then 



<LQ) = [ 



ev*pi{Q). 



Proof. We know that the string class of LQ is given by the integral over the circle of the first 
Pontrjagyn class of the corresponding G-bundle over LM x S^. We show that this bundle 
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is isomorphic to the puh-back of Q by the evaluation map, then the result follows. The G- 
bundle LQ is given by {LQ xGx S^)/ LG. Define the map LQ Q hy [q, g, 6] i-^ q{0)g- As in 
section r2.5.1l above, this map is well-defined and commutes with the G-action. Furthermore, 
it covers the evaluation map LM x ^ M and so LQ is isomorphic to ev* Q and hence 
pi{LQ)=ev*pi{Q). □ 
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Chapter 3 



Higgs fields and characteristic 
classes for f^G-bundles 

In our discussion of string structures in chapter [2] we were concerned mainly with the loop 
group LG and its central extension LG. In this chapter we shall, for the most part, be 
considering the subgroup of LG given by those loops which begin at the identity in G, that 
is, the based loop group, which we shall denote OG. We will return to the discussion of free 
loops in section 13. 31 

3.1 String structures and the path fibration 

In this section we will outline the result from [llj concerning string structures for certain 
J7G-bundles0 In particular, we shall see that if Q ^ M is a principal G-bundle, then the 
string class for the OG-bundle — > VtM is a characteristic class for such bundles. To 
be precise, what we mean here is that we have chosen a base point mo in M and a base 
point ^0 in the fibre above mo and then — > VtM is an J7G-bundle. By 'string class' we 
mean the obstruction to lifting to an ilG-bundle, where VtG is the central extension of 
Q,G. (Actually, since we are working with differential forms, we are really concerned with the 
image in real cohomology of the string class - however, we make no distinction between the 
terms here.) We will also generalise this to the case of a general OG-bundle, that is, one which 
is not necessarily a loop bundle. 

3.1.1 Classifying maps and characteristic classes 

In the interests of being self-contained we shall begin by giving a short overview of the theory 
of classifying maps and characteristic classes before moving on to the specific case we are 
interested in. Recall that ^-bundles over M are classified by (homotopy classes of) maps to 
the classifying space BQ. A (/-bundle is then (isomorphic to) the pull-back by this map of 

^Actually, in [11] Carey and Murray work with the group of smooth maps from the interval [0, 27r] into 
the group G whose endpoints agree. We shall look more closely at this group in section 1531 Here we will be 
extending their results to the subgroup of based smooth maps —>■ G. 
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the universal bundle EG BQ. This bundle is characterised by the fact that it is a principal 
^-bundle and that EQ is a contractible space. If P ^ M is a ^-bundle, a map f : M ^ BQ 
such that P is isomorphic to the pull-back f*EQ is called a classifying map for P. 

A characteristic class associates to a ^-bundle P ^ M a class c(P) in H*[M). It must 
be natural with respect to pull-backs in the sense that if ^r: — > M is a smooth map then 
c must associate to the pull-back bundle g*P —i- N the class given by the pull-back of c{P). 
That is, 

c{g*P) = g*c{P). 

Note that since all ^/-bundles are pulled-back from the universal bundle, then if P ^ M is 
a t/-bundle with classifying map /, all its characteristic classes are of the form f*c{EQ) for 
some characteristic class c. That is, the set of characteristic classes for ^-bundles is in bijective 
correspondence with the cohomology group H*{BQ). 

3.1.2 String structures and the path fibration 

In general, both the classifying space and the universal bundle for a group can be difficult to 
describe. For the based loop group ^IG, however, we have the following construction [6j: Let 
PG be the space of paths in G, M — > G such that p{0) is the identity and p~^dp is periodic. 
Then this is acted on by ^IG and 

QG — ^PG 
G 

is an rJG-bundle called the path fibration, where the projection vr sends a path p to its value 
at 27r. PG is contractible and so the path fibration is a model for the universal OG-bundle 
and we have BVtG = G. (See Appendix [A] for details.) 

Since we are assuming that G is compact, simple and simply connected, we know that 
-ff^(G, Z) = Z and there is an expression for the generator of this group. Namely, the 3-form 
on G given by 

In [llj Carey and Murray show the string class of the path fibration (for the case of loops 
which are smooth on (0, 27r)) is given by the 3-form oj by giving an explicit construction of 
the lift of PG which exists precisely when this class vanishes. We will use Theorem 12.4.11 to 
calculate the string class of the path fibration. Firstly we need a connection on PG. This is 
given in [9]: Let a be a smooth real- valued function on [0, 27r] such that q(0) = 0, a(2'iT) = 1 
and all the derivatives of a vanish at the endpoints. Then a can be extended to a function 
on M and a connection in PG is given by 

A = e-aad{p'^)7:*e, 

where Q is the right invariant Maurer-Cartan form. The horizontal projection of a tangent 
vector X using this connection is 

hX = aX{27r)p{27r)-'^p. 
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We can calculate the curvature of A using the covariant derivative F = DA. For tangent 
vectors X and Y, we have 

F{X,Y) = ^A{[hX,hY]) 

= ^A{a^ [X{27T)p{27T)-\Y{27r)p{27r)-']p) 

= ^{Q - aad{p-^)Tr*e^ {a^ [X(27r)p(27r)"\ y(2^)p(27r)-^] p) 

= i («2 _ ^) ^^(^-1) [x(2vr)p(2vr)-i,y(27r)p(2^)-i] . 

So 

F = i (a^ - a) ad{p-^)[TT*Q,Tr*Q]. 

In order to use Theorem 12.4. 1 1 we also need a Higgs field for PG. Define the map <I> : PG Lq 
by 

<I>(p) = p ^dp. 
Then $ is a Higgs field, since for 7 G il.G we have 

= (p7)~^(9(p7) 

= ad{'y~^)p~^dp + j^-^dj. 

The formula for the string class uses = + [A, — 9^4. We can calculate 

[A, = [e, - a [ad(p-i)7r*e, 

and 

dA = dQ-da ad{p-^)Tr*Q - a[ad{p-^)7r*e,^]. 

So we have 

V«> = aaa(i(p-^)7r*e. 
Therefore, by Theorem 12.4.11 we have 

s(PG) = 3^ [ /(q2 - a) ad(p-^)[Tr*e,7r*Q],daad(p-^)TT*Q) d9 

= -^([e,e],e) / (a2-a)5ad0 

^ (e,[G,e]), 



487r2 



where the last line follows from the ad-invariance of the Killing form. Thus we see that the 
string class of the path fibration is the generator of the degree three cohomology of G. 

Now, consider again a based loop bundle Q,M. In [TT] Carey and Murray write 

down the classifying map for such bundles and then show, by explicitly calculating the integral 
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of the (pull-back by the evaluation map of the) first Pontrjagyn class of Q, that the string 
class is the pull-back by this map of the 3- form uo. To write down the classifying map of 
the bundle VtM choose a connection for it. Then take a loop 7 G and project 

it down to vr o 7 G fiM. Lift this back up horizontally to 7/1 € fiQ, so that vr o 7 = vr o 7^ 
Then the holonomy, hol(7) € PG is given by 7 = 7/ihol(7). This covers the usual holonom}o 
hoi: OM G, so we have: 

nq^^PG 



nM^^G 

Thus hoi is a classifying map for the bundle fiQ il.M. Now, using Corollary 12.5.41 and by 
calculating explicitly J^i ev* pi{Q), we can show that 

s{QQ) = hoi* ui + exact. 

We shall show this in more detail in the next section when we generalise this result to the 
case of higher classes for general riG-bundles (that is, an fiG-bundle which is not necessarily 
a loop bundle). For now let us assume this result and show how it leads us to a more general 
statement. 

To generalise the result above to a general OG-bundle P > M, we need a classifying 

map for such bundles. Consider the fiG-bundle P — > M. Choose a Higgs field ^> : P ^ Lq for 
P. It is possible to solve the equation ^(p) = g^^dg for g € PG. We define the Higgs field 
holonomy, hol$, to be the solution to this equation satisfying the initial condition g{0) = 1. 
Note that if hol$ (p) = g then since 

^{ph) = ad{h-^)^{p) +h-^dh 

and 

{gh)-^d{gh) = ad{h-^)g-^dg + h-^dh, 

we see that hol$(p-/i) = hol$(p)/i and hence hol$ descends to a map (also called hol^) M —>■ G 
and is a classifying map for P — > M. 

A natural question arises at this point: If Q ^ M is a G-bundle with connection A then 
we can define the holonomy of a loop 7 E QQ. However, since the loop bundle 
is an OG-bundle, we can also choose a Higgs field for it and define the Higgs field holonomy 
of a loop 7 in this bundle. Can we find the Higgs field $ such that hol$ = hoi? Define <I> in 
terms of A as in section 12. 5^ that is, 

Hj) = A{d^). 

Then using 7 = 7/1 hol(7), we find 

97 = d^h ■ hol(7) + 6^Jhol(7)-iahol(7)). 



Note that we can define the holonomy since we have chosen basepoints in M and Q. 
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Since 7/1 is horizontal (in the sense that ah its tangent vectors are horizontal), applying the 
connection form A gives 

A{dj) = hol(7)~^5hol(7). 

Therefore, hol$ = hoi . 

We can extend the result from [TT] by finding a relationship between hol^ and hoi in 
general: 

We can modify the correspondence in section 12.51 which relates LG-bundles over M and 
G-bundles over M x S^, to one which applies to fiG-bundles. We say a G-bundle over M x 
is framed over M x {0} if it is trivial over M x {0}. A particular trivialisation is called 
a framing. Given this, then, QG-bundles correspond to G-bundles over M x which are 
framed over M x {0}. This means we take a G-bundle P — s- M x 5^ and a section (i.e. a 
framing) s: M x {0} — > P and the fibre of P over m has a base point given by s{m, 0). Using 
this correspondence, define a bundle map 

p ^np 

M-^Vt{M X S^) 

by r]{m) = 1— > (m, 6), or, on the total space, r}{p) = 1— > [p, 1, 6]. Then we have: 

Lemma 3.1.1. Let P ^ M he an QG-bundle with connection and Higgs field ^, P ^ M x 
its corresponding G-bundle and r] as above. Then hol$ = hoi or/. 

Proof. If A is the connection form on P then <I> : QP Lq defined by 

l>(7) = A{dj) 

gives us that 

hol|, = hoi 

as above. Therefore we need only show that hol$ = hol|, or]. 

Let p ^ P. Consider the unique horizontal path ri[p)h such that 

7r(r?(p)) = iT{r]{p)h) 

given by projecting r]{p) to Q{AI x S^) and lifting horizontally back to ilP. The tangent vector 
to the loop 7]{p) at the point 9 is given by the derivative drj{p)g and since r]{p)fi is horizontal 
we have that 

MvipM = 0. 

Now, 7]{p)e = Ip, 1, so we can explicitly calculate dri{p)g : 

^n{p)e = [0,0,1]. 

Recall that the connection A is given in terms of the connection A and Higgs field ^ for P as 

A = ad(g~^)A + 9 + ad{g~^)<i> dO. 
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Therefore, we have A{drj{p)) = ^{p). Or, in terms of the Higgs field for fiP, 

$ = $ o r/. 

As above, we have 

l>(r/(p)) =hol{'i]{p))~^dhol{r]{p)), 

and therefore hol$ = hol|, or]. 

□ 

We see that hol$ factors through hoi . In order to use this we need the following result: 

Lemma 3.1.2. In the situation of Lemma \3.1.1l for degree 4 differential forms on M x 
we have 



Proof. Note first that we have 



rj ev 
'Si 



M xS^ n{M xS^)xS^ ^ MxS^ 

{m,(f)) I — > (9 ^ {m,6),(j)) \ — > {m,cj)) 

so, evo(ry x 1) is the identity. Therefore, we have 

/ = / (r?x irev*, 

so it suffices to show that 

/ {r^xir = r,*[ . 
That is, that the following diagram commutes 

n^{Q{M X S^) X S^) J!^^ n^(M X S^) 



n^{n{M X s^)) — ^ n^{M) 

Consider u; G Q'^{Q{M x S^) x S^). Then if Xi,X2 and X3 are tangent vectors to M we have 

/ ivXlTiA {Xi,X2,X3)= f {7]Xiri0{Xi,X2,X3) 

X (7? X 1)*X2, (?? X 1)*X3), 
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where Xi {i = 1, 2, 3) is a lift of Xi to M x . On the other hand, if is a hft of to 
fi(M X S^) X then 

7]* (Xi,X2,X3) = (^^^) (r/.Xi,r/,X2,r/,X3) 

Since the expressions above are independent of the Hft chosen, we can use the natural splitting 
of the tangent bundles to M x S"-^ and 0(M x S^) x to define Xi = (Xj,0) and = 
(r/^,Xj,0) and so we have 

(^j^^irj X lyu^ {Xi,X2,X3) = l^^uj{{v.Xi,0),{r,,X2,0),{v*X3,0)) 

□ 

Combining Lemmas 13.1.11 and 13.1.21 we have: 

Theorem 3.1.3. The string class of an ^IG-bundle P —> M is the characteristic class corre- 
sponding to uj & H^{G). 

Proof. On the level of cohomology we have 

s{P) = [ pi{P) 

= rj* [ eY*pi{P) 

= r]*s{nP) 
= rf hoi* LO 
= hoi J uj. 

□ 

3.2 Higher string classes for QG-bundles 

We have seen in the last section that the string class is a characteristic class for r^G-bundles 
and we know from section 12.51 (Theorem I2.5.3P that it is naturally associated to the first 
Pontrjagyn class of the corresponding G-bundle. Indeed, the fact that the string class is given 
by integrating the first Pontrjagyn class was used to show that it is natural. In this section 
we will generalise these ideas to higher degree classes for QG-bundles. These classes will be 
naturally associated to a characteristic class for G-bundles in the same way the string class 
is related to the Pontrjagyn class. 
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We can summarise the results from the previous section with the following diagram 

C-W- 

H^{BG) £ H^{M X 51 ) 

H^{G) ^ H^{M) 

The top arrow here is the usual Chern-Weil map (see below). The map r is the transgression 
(see for example [13J or [21j) which we shall describe presently. As long as G is compact and 
connected, H^^{BG) is isomorphic to the set of multilinear, symmetric, od- invariant functions 
on g X . . . xg (fc times). Let / be such a function and let Q — > M be a G-bundle with connection. 
Then the Chern-Weil map, C-Wq, takes / to the class on M given by f{F, . . . ,F), where 
F is the curvature of the connection on Q. This is well-defined and independent of choice of 
connection. (For details we refer the reader to |24j.) In this case the transgression map r is 
given by 

where, as usual, B is the Maurer-Cartan form on G. In terms of the result above, we have seen 
that in the case where the polynomial / is given by f{X,Y) = -^{X,Y) and the G-bundle 
is P — > M X 5^, then the Chern-Weil map gives the Pontrjagyn class of P and the diagram 
commutes. Furthermore, the element that fits in the bottom right hand corner is the string 
class of the corresponding i7G-bundle P M. That is, 

/ pi{P) = s{P) 

= j^iioi|,{e,|e,e]). 

It is natural to ask now whether there is a similar theory for general and higher degree 
characteristic classes. That is, whether we can set up the following diagram 

C-W~ 

H^k^BG) ^ H^'^iM X 51 ) 

and give a formula for the element that ends up in the bottom right-hand corner given a 
general polynomial in the top left. 

As above, the usual Chern-Weil theory tells us that if we start with an invariant polynomial 
/ G H^^{BG) then the element in H^^{M x S^) that we end up with is f{F, . . . ,F) where 
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F is the curvature of the G-bundle P on M x S^. Note that if we write out f{F, . . . ,F) in 
terms of the curvature and Higgs field on the corresponding fiG-bundle P M, we get 

f{F, ...,F) = f{F + V^de,...,F + V<^>d9) 

= f{F,...,F) + kf{V<!>de,F,...,F) 

since / is multihnear and symmetric and all terms with more than one d9 will vanish. Prom 
now on we will adopt the convention that whenever / has repeated entries they will be 
ordered at the end and we will write them only once. That is, whatever appears as the last 
entry in / is repeated however many times required to fill the remaining slots. (For example, 
f[F) = f{F, . . . , F) and /(V$, F)de = /(V$, F, . . . , F)de.) So integrating this over the circle 
gives 

/ fiF) = k [ f{V<^,F)de. 

So k f{S/^,F)dO is our candidate for the element in H'^^~^{AI) which corresponds to 
/ E H'^^{BG) and makes the diagram commute. 

Note that if we evaluate this expression for the path fibration we have 

kj /(V^>,F)d0 = /(e,[e,e]) kj {a^ -a)^~^dade 

^/(e.[e.e|)(-i)'".|(*7^)(-i)-^. 

It turns out [31] that the coefficient above is equal to the coefficient in the definition of the 
transgression map r. That is, 

t^fk-i\ i-iy _ kKk-i)\ 

i J k + i {2k -1)1' 
Therefore, we have for the path fibration 

k [ f{v^,F)de = T{f). 

So what we are really asking for is a theory which associates to any characteristic class for 
G-bundles (that is, any polynomial in H'^^{BG)) a characteristic class for an OG-bundle over 
M. That is a map H^'^{BG) — > H'^''^^{M) which gives characteristic classes for fiG-bundles 
over M. Thus we need to show firstly that k J^i f{'V^,F)d9 is closed and independent of 
choice of connection and Higgs field. Also, we need to show that it is cohomologous to the 
pull-back by the classifying map hol(j> of the {2k — l)-form t(/) defined above. We shall call 
k fgi f{\/^,F)d9 the string {2k — l)-class associated to f and write S2k_^{f). To be more 
precise 



/(e,[e,e])(- 
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Definition 3.2.1. Let P be a framed G-bundle over M x S and P its corresponding 0,G- 
bundle over M. Suppose tiiat / G H'^^{BG) is an invariant polynomial representing the 
characteristic class f{F) € H^^{M x S^). Then its associated string {2k — l)-class is the class 
in H'^^~^{M) given by 

where ^> is a Higgs field for P and F is the curvature of a connection on P. 

Note that we still have to show that is closed and well-defined. We have 

Proposition 3.2.2. The string {2k — \)-class is closed. 

Proof. To show that S2fc-i(/) closed we use the following result which follows from Lemmas 
1 and 2 on pages 294-295 of [24J: 

Lemma 3.2.3. Let be an ad-invariant, vertical form on the total space of a principal 
bundle. Then ip projects to a form on the base space. For such a form, the exterior derivative 
is equal to the covariant exterior derivative. That is, dip = Dtp. 

Thus we only need to show that -Cs^^_^(/) = 0. Now, 

Dk f f{V^,F)de = kf f{D{V^),F)de + k{k-l) f f{V^,DF,F)de 
= k [ f{D{V^),F)d9 

using the Bianchi identity. We can calculate D{\7^). For tangent vectors X and Y, 

D{V^){X,Y) = d{V^){hX,hY) 

= {d^<^ + [dA, - [A, d<^] - d{dA)){hX, hY) 

where {hX, hY) is the projection of {X, Y) onto the horizontal subspace at that point. Using 
the fact that dA{hX, hY) = F{X, Y) and A{hX) = A{hY) = 0, we have: 

D{V<^){X, Y) = [F{X, Y),<^]- dF{X, Y) 

That is, 

D{V^) = [F, - dF. 

So we have, 

Dk [ f{V^,F)de = kf f{[F,<^],F)de-k [ f{dF,F)de 
Js^ Js^ Js^ 

and ad-invariance of / (which we will discuss in more detail later) implies the first term on 
the right hand side vanishes while integration by parts implies the second term vanishes. 
Therefore, is closed. 

□ 
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We also have 

Proposition 3.2.4. The string {2k — l)-class is independent of choice of connection and 
Higgs field. 

Proof. In order to see that •S2fe-i(/) independent of choice of connection and Higgs field 
consider 2 different connection forms, and Ai, on P and 2 different Higgs fields, $o and 
$1. Since the space of connections is an affine space and the same is true for Higgs fields, we 
can consider lines joining the 2 connections and Higgs fields respectively. Define: 

a:=Ai-AQ, := $i - $o 

and 

At := Aq + to, ^t ■■= ^0 + 

for t G [0, 1]. Now consider the corresponding connection form on P 

it = io + t{Ai - Aq) 

= ad{g~^)Ao + 6 + ad{g-^)^ode + t{ad{g''^)Ai + ad{g~^)^id9 

- ad{g-^)Ao - ad{g-^)^ode) 

= ad{g~^)Ao + & + ad{g~^)^ode + ta 
where 

a = ad{g~^)a + ad{g~^)(pdQ . 

Note that 

At = ad{g-'')At + 6 + ad{g-^)^td9. 

Recall that f{F) = f{F) + kf{V^,F)de. We shall show /(Fq) and f{Fi) differ by an exact 
form, (where Fq and -Fi are the curvature forms of Aq and Ai respectively) so that the class 
defined by k f^i f{V^i, Fi)d9 = J^i f{F) is independent of A and $. For this we will need 
the following lemma: 

Lemma 3.2.5. Dta = —Ft. 

at 

Proof. Firstly, we calculate Ft: 

Ft = dAt + \[At,At] 

= ad{g'^){Ft + V^t/\d6) 

= ad{g-') {dAt + l[At,At] + (d^t + [At,<i>t] - dAt) A d6) 

= ad{g~^) {dAo + tda + ^[At, At] + (d$o + td(p + [At, - OAq - tda) A d9) . 



41 



Therefore ^Fj is given by 

j^Ft = ad{g-^) (^da + \j^[At, At] + {d^ + ^[A^, - da) A dO^ 

= ad{g-^) (^da + ^[a, At] + ^[At, a] + {d(p + [a, $t] + [At, ^] - da) A d9^ 
= ad{g-^) {da + [a, At] + {dip + [a, + [At, ip] - da) A de) , 

since —At = a and —^t = f- Next we calculate Dta by calculating da and evaluating it on 

horizontal (with respect to At) vectors. At a point {p,g,0) in P and for vectors {X,g^,X0) 
and (Y,gC,,ye) at (p,5,6') we have: 

^^ip,9,0) f ^' ^' f C> ye) 

= 5 {(^'5C,a:e)(a(p,ff,e)(i",5C,y0)) - (^,5C,y)(a(p,ff,e)(^,5^,a;e)) 

-^(p,9,9)i[iX, a;©), 5C, ye)])}- 

So we need to calculate 

1. {X,g^,X0){a(p^g^0){Y,gC,yg)), and 

2- a^,g,e){[{X, g^, xg), {Y, g(, yg)]). 
If lx{t) is a curve whose tangent vector is X, we have: 

{X, gi, xe)(a(p,3,(?)(y, gC, ye)) 

{(1 - t0g-^c,-y^it){Y)ie+tx)9{^ + to + (1 - ■jg{l + tOy} 



dt 
d_ 
di 



{-t^g ^ay^(t)iY){e+tx)g + 9 ^OL^p[t){y)(e+tx)9ti + 

9 

{t){Y)eg 

+ g-^da^^^f:^){Y)9xtg + -t^g~^(p^x{t),{e+tx}9y + 9~^'P'rx{t)X0+tx)9f4y 

+9~^'Pjx{t),e9y + 9~^d^'rx{o),e9txy} 

«7x(t) (X)eg + g~^dap{Y)egx 



= -^g-^ap{Y)gg + g-^ap{Y)gg^ + g-^^ 



^9 ^<Pp,e9y + 9 ^<Pp,e9^y + 9 



Vjx{t),e9y + 9 ^dipp^ggxy. 



Also, 



5^. gC,ye)] 

= a«!(5-^)ap([X, y]) + ad{g-^)ippde{[x, y]) 
= ad{g-^)ap{[X,Y]) 
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Therefore, 



doi(p,g,e){X, g^, X0,Y, gC, ye) 

^ ^[ad{g-^)ap{Y),C] + adig-')(j^ 



That is, 



'=^"/x{t)0^)s) +^d{g )dap{Y)x 



+ [ad{g ^)ipp^0,^]y + ad{g ^] 



dt 



-[ad{g-^)ap{X),(:\-ad{g-^] 



dt 



-[ad{g ^)ipp^0,C]x - ad{g ^) 



-ad{g-^)ap{[X,Y]) 



dd = —[ad{g ^)a,Q]+ad{g ^)da — ad{g ^)daAd6 

+ [ad{g~'^)(p, @]Ad9 + ad{g~^)dip A dO 



= ad{g~^) {da + dipAde-daA d9) - [ad{g~^)a + ad{g~^)ipd9, 8] 

To calculate Dtd we need to know what the horizontal projection (with respect to At) of 
a vector looks like. If X is a tangent vector at p we can calculate its horizontal projection as 
hX = X — Lp{A{X)), where Lp{A{X)) is the vector at p generated by the Lie algebra element 
A{X). So for the vector (X,g^,xg) we have 



h{X,g^,xe) = {X,g^,xe) - L^p^g^e){MX, gC,xg)). 



Now, 



'ip,9,e)iMX,g^,xe)) = -7- 



{p,g{l + sAt{X,gU + x)),e) 



{p,gsAt{X,g^,e + x),e) 



= {O,gAt{X,g^,X0),O), 



and therefore. 



h{X, g^, xg) = {X, g{^ - At{X, g^, xg)),xg). 
Putting this into the formula above for da, we obtain 

Dta = ad{g~^) {da + d(pAde-daA dO) - [ad{g~^)a + ad{g~^)(pd9, Q - At] 
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and inserting the formula for At in terms of At and ^t in the second term we obtain 

-[ad{g~^)a+ad{g'^)ipd9, 9 - At] 

= -[ad{g-^)a + ad{g-^)ipd9, G - ad(g-^)At - 9 - ad{g-^)^td9] 
= -[ad{g-^)a + ad{g-^)ipd9, -ad{g~^)At - ad{g~^)<^tde] 
= ad{g~'^)[a + ipdO, At + ^td9] 

and therefore 

Dta = ad{g'^) {da + dip A dO - da A dO + [a, At] + [a, ^t]d9 + [At, ip]de) 

which is equal to —Ft. This completes the proof of Lemma 13.2.51 
dt 

Now, if we set 

^ = k [ f{a,Ft)dt 
Jo 

then 

dip = Dtp (by Lemma l3.2.3p 

= k [' f{Dta,Ft)dt 
Jo 

= fih) - /(fo). 

So s|fc_i(/) is independent of choice of connection and Higgs field. 

□ 

It remains only to prove that S2f^_i{f) is the pull-back of r(/) by hol$ . For this we follow 

the argument in [11] that will give us a formula for f{F) that we can use to calculate S2fcli(/) 

for a loop bundle QP > Q{M x 5^) and then we can use Lemma 13.1.11 to generalise to a 

general i7G-bundle. 

If we start with the G-bundle P ^ M x 5^ we can pull-back by the evaluation map 
ev: [0, 1] X n{M x 5^) ^ (M x S^) to get a trivial bundle ev* P over [0, 1] x n{M x 5^). A 
section is given by 

h: [0,1] X n{M X S^) ev*P; (t,7) ^ j(t), 

where 7 is the horizontal lift of 7. If A is the connection in P we can pull it back to ev* P 
and then back to [0, 1] x il(M x S*-*^) to obtain 

A' ■.= h* ev* A. 
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We can calculate the curvature F of A and pull it back by ev to [0, 1] x Q{M x S^) and because 
this is a product manifold we can decompose it into parts with a dt and parts without a dt. 
Under this decomposition, we have 

ey* F = --^A' Adt + F', 
ot 

where we call the component without a dt F' since if we view the form A' for fixed to as a 
connection form on Q{M x S^) then its curvature is F' evaluated at to- 

Now, we want to calculate J^i f{F) and using Lemma 13.1.21 we have for a general 0,G- 
bundle P ^ M, 



I f{F) = 7j* [ ev*/(F) 
= / /(ev*F). 



So we wish to calculate explicitly J^i /(ev* F). If we view the circle as the interval [0, 1] with 
endpoints identified, then we can write 



f{ev*F)= [ fiev*F) 
1 Jfo.il 



'SI J[0,1] 

and so we have 



k [ fiV<^,F)d9 = 7]* [ f{ev*F) 

= V* f f{-^A' Adt + F') 



r?* / f[F')-kr,* f f{-^A',F')dt 

-kv* I f(.-^A',F')dt. 
J\o.i] (J't 



'[0,1] 

Using the formula F' = dA' + A'], we can write this as: 



-kri*\ [ f{dA',dA')dt 

+{k-i)l [ f{dA',dA',...,dA',[A',A'])dt + 



Vol ^(^^''[^''^'])^* 
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where we have written dA' for dA' /dt. Thus we need to work with the general term 

C^O (0Voi ■ ' J^'' ^'J' • ' ^'^) '^*- 

k—i—l i 

To deal with these terms we shall use integration by parts and the ad-invariance of /. Thus 
we need to know in detail how ac/-invariance works. 

Lemma 3.2.6. Let cpi, . . . be Q-valued forms of degree qi, . . . ,qk respectively. Then if A 
is a Q-valued p-form, we have 

f{[ipi,A],ip2, ...,iPk) 

= fiifi, [A, ip2], ...,^k) + {-ir^fi^l,V2, [A,ip3],...,^k) + --- 

Proof. We can expand <pi as <pi = <fiju;f for (pij G q and cof a q'^-form. Then we have 

f{ipi,...,ipk) = f{ipi,j„...,ipk,j^WiA.../\u;l^. 
Now if A is a valued ^?-form and we write A = AioH' as above, then 

/([yl,(/7l],(^2, • • • , V'fe) 
= fi\Ai, 992,i2> • • • > V'fcjfc)"* A cuf A . . . A cjf 

= /(V'l.ji, \V2,n^H. ■ ■ ^k,jj{-ir^''^''^cvi' A Lui'a' A . . . A 

• • • + /(V'lJi, ^2j„ . . . , A])(-l)^(''^+^^+-+^'=)a;f A c.^ A ... A a;f A 

That is, 

f{[A,ipi],ip2, ■..,^Pk) 

= (-irV(¥'i, [V^2,A], + ^2, [^3, A], + 

... + (-l)Pii^+-+i^)f(^,,...,^,_,,[^,,A]), 

which we can write as: 

f{[(pi,A],ip2, ...,(pk) 

= fifl, [A IP2], . . . , V^fc) + {-lf'^'''f{ipi,ip2, [A,ip3],...,(pk) + ... 

□ 

We are now in a position to prove 
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Proposition 3.2.7. 

sg^^{f ) = ho\l T{f ). 

Proof. To calculate the general term given above, we integrate by parts in the ri(M x S^) 
and t directions giving 

[ fidt= [ f{ddA',A',dA',...,dA',[A',A'])dt 

J[o,i] J[o,i] 

+ i I f{dA',A',dA',...,dA',d[A',A'],[A',A'])dt 

J[0,l] 

-d I f{dA', A', dA', dA', [A', A'])dt 
7[o,i] 

and 

/ fidt = f{A[,dA[, ...,dA[, [A[,A[]) - f{A'o, dA'o, dA'^, [A'^, A'^]) 

- (fc - 1 - i) / f{A', ddA', dA', dA', [A', A'])dt 

J[Q,1] 

-i [ f{A',dA',...,dA',d[A',A'],[A',A'])dt 

J[Q,1] 

where we have written /j for the integrand of the general term given earlier. Combining these 
gives 

(k-i) [ fidt = fi,, - fi,o - i [ f{A', dA', dA', d[A', A'], [A', A'])dt 

J[0,1] J[0,1] 

+ i{k-i-i) [ f{dA', A', dA', dA', d[A', A'], [A', A'])dt 

J[0,1] 

-{k-i-i)d f f{dA',A',dA', . . .,dA', [A',A'])dt 

J [0,1] 

where we have written /j^i and fi^ for /j evaluated at i = 1 and respectively. Using 
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ad-invariance, the term on the middle hne simplifies as follows: 

/ f{dA', A', dA', dA', d[A', A'], [A', A'])dt 

J[0,1] 

= 2 [ f{[dA', A'],dA', A', dA', dA', [A', A'])dt 
= 2 [ f{dA', [A', dA'],A', dA', dA', [A', A'])dt 

J[Q,1] 

-2 [ f{dA',dA',[A',A'],dA',...,dA',[A',A'])dt 

J[0,1] 

+ 2{k-2-i) I f{dA', dA', A', [A', dA'],dA', dA', [A', A'])dt 
= [ f{dA',d[A',A'],A',dA',...,dA',[A',A'])dt 

J[0,l] 

-2 f f{dA', dA', dA', [A', A'])dt 
7[o,i] 

-{k-2-i) I f{dA', A', dA', dA', d[A', A'], [A', A'])dt 
7[o,i] 

and so 

(k-i-i) I f{dA', A', dA', dA', d[A', A'], [A', A'])dt 

J[Q,1] 

= [ fiA',dA',...,dA',d[A',A'],[A',A'])dt 

J[0,1] 

-2 [ f{dA', dA', dA', [A', A'])dt. 

J[0,1] 

Inserting this into the formula for J fidt gives 

(k-i) / fidt = - /i,o -2i fidt 
J[o,i] J[o,i] 

-{k-l-i)d I fidA', A', dA', dA', [A', A'])dt 

J[Q,1] 

and hence 

{k + i) [ fidt 

J [0,1] 

= fi,i - fi,o -{k-i-i)d [ f{dA', A', dA', dA', [A', A'])dt. 

J [0,1] 
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So we have the foUowing expression for : 
k [ f{V^,F)de 



. i=0 



where q is the last integral in the equation above (with i [^',^']'s). 

Now since Aq = and /i(0,7) = 7) hol(7) (where h is the section from earlier), we 
have that 

A'o = ad(hor^)i'i + hoP^ dhol 

and so 

A[ = -dholhor^ 

Therefore we have that fi^ = and we can calculate fi^i in terms of /o,i as follows: 

fo,i = f{A[,dA[) 

= /(-dholhor\(i(-dholhori)) 

k-l 



(-i)Mi) hoi*/(e,[e,e]) 



and in general, 



2 

= (-l)*27o,i 

using the fact that d{—dholh.ol~^) = — ^[c?holhol~^,cZholhol~^]. 
Therefore we have 



fi,, = fiA[,dA[,...,dA[,[A[,A[]) 
= (-i)'"'f^') 'hoi*/(e,[e,e]) 



k f f{V^,F)d9 



k-i /, \ / \ I 



i=0 



We have seen already that the coefficient above is equal to the coefficient in the definition 
of the transgression map: 

'k-i\{-iy k\{k-i)\ 



i=0 



k + i {2k-l)\ 
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So we see that the pull-back of the transgression of / is cohomologous to the string {2k — 1)- 
class. 

□ 



Combining Propositions I3.2r2l 13.2.41 and 13.2171 we have the following Theorem 



Theorem 3.2.8. The diagram 



H'^^{BG) 



C-Wp 



T 



/si 



hoi*. 



commutes. Furthermore, the composition map 



associates to any invariant polynomial its string (2k— l)-class, which is a characteristic class. 

3.3 The universal string class for L^G-bundles 

We would now like to return to the study of the free loop group. In this section, we shall 
give a partial generalisation of the results in the previous section. However, we shall be 
working with a slightly different group than in the rest of this thesis. For the remainder of 
this chapter we shall be considering the group of smooth maps from the interval [0, 2tt] into 
G whose endpoints are coincident. This group shall be denoted L'^G. Note that LG C L^G. 
We also have the based version Q^G of this group consisting of maps [0, 2tt] — > G such that 
the endpoints are mapped to the identity in G. 

We will give a classifying theory for L'^G bundles and present a calculation for the string 
class of the universal L^G-bundle. 

3.3.1 Classification of L^G-bundles 

In order to extend the ideas from the previous section (namely, calculating the string class of 
the universal L'^G-bundle) we need a model for EL^G. To construct this we view L^G as the 
semi-direct product ^l^G x G. The group multiplication is given by 

(71, 91 ) (72, 92) = (S'2'SlS'272,9lS'2) 

and the isomorphism between 0,'^G x G and L'^G is 

n^Gy<iG^L^G; (7, 5)^ 57- 
On the level of Lie algebras, the isomorphism is 
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We therefore need a model for the universal O^G xi G-bundle. For this, we shall take the 
product of the universal fi^G-bundle and the universal G-bundle. A model for the universal 
Jl^G-bundle is given by the space of maps from the interval [0, 27r] into G, denoted P^G. 
The based loop group Vt^G acts on this space by right multiplication and evaluation at the 
endpoint of a path gives a locally trivial O^G-bundle P^G — > G. As our study of Q^G will 
be confined to this section, we shall refer to P^G as the path fibration without any risk of 
confusion. P^G is contractible since any path p can be homotopied to the identity path by 
the map 

h: I X P'^G ^ P'^G; {t,p) ^ {9 ^ p{te)). 

Therefore the path fibration is a model for the universal Jl^G-bundle. So, for our model for 
EL'^G we shall take the space P^G x EG which is contractible since P^G and EG are both 
contractible. This is acted on by Q^G x G : 

{p,x){'^,g) = {g~^pgi,xg) 

where xg is the right action of G on EG. This action is free (since G acts on EG freely) 
and transitive on fibres (since the action on EG is transitive and the equation g~^pigj = 
P2 can always be solved) and so P^G x EG is a model for EL'^G and BUG is equal to 
(P^G X EG)/{QyG XI G). In fact, if we consider the map 

(P^G X EG)/{n''G X G) ^ (G X EG)/G; \p,x] ^ [p(27r),x], 

where [h,x] = [g~^hg,xg], we can see this is well-defined, since 

[P,x] = [g~'^pg-f,xg] ^ [g~'^p{2Tr)gj{2TT),xg] = \p{2Tr),x]. 

Furthermore, this is onto, as the projection P^G — > G is onto, and 1-1, for if we consider 
two elements \p,x], [q,y] € (P^G x EG)/{Q.''G x G) such that [p(27r),x] = [g(27r),y] we have 
y = xg and g(27r) = g~^p{2Tr)g. That is, the paths q and g~^pg have the same endpoint. 
Therefore, the path g~^p~^gq is actually a (based) loop. And since q = g~^pg{g~^p~^gq), we 
have 

k, y] = [g'^pgi, xg] 

= \p,x], 

where 7 = g~^p~^gq G fi^G. Thus we have a diffeomorphism between BD'G and (G x EG)/G 
(or simply G xq EG). Note that this allows iis to calculate the cohomology of BL^G as the 
equivariant cohomology of G (with its adjoint action). That is, 

H{BVG) = Hg{G). 

Given an L^G-bundle P M we can write down the classifying map of this bundle as 
follows. Choose a Higgs field, for P. Then define the map / : P ^ P^G x EG by 

/(g) = (hol$(g),/G(g)), 
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where hol^ is the Higgs field holonomy and fc is the classifying map for the G-bundle asso- 
ciated to P by the projection L^G ^ G given by mapping a loop to its start/endpoint (or 
equivalently, the projection ^l^G >] G — > G). That is, f{q) = {p,x) where p~^dp = ^{q) and 
X is fc applied to the image of g in P x lvq G. It is easy to see that this is equivariant with 
respect to the L^G action and hence descends to a map M — > BL'^G since if (7, g) G Q'^G xi G 
then 

fiqiai)) = 0^oh{q{g-f)),fG{q)9) 

and so / is equivariant in the EG slot (by virtue of the fact that fc is a classifying map) and 
also in the P^G slot since if hol$(g) = p then 

'^{q{g^)) = ad{{g^)-'Mq) + {g^)-'d{gj) 
= ad{{g^r^Mq)+-f-^d-f 

and 

{p{l,9)y^d{p{'j,g)) = {g'^pgiy^d{g'^pg-i) 

= l'^9'^P'^9{9~^dpai + 9~^Pgdl) 
= ad{{gj)^^)p^^dp + ^^^d'j 

and so hoh{q{g-f)) =p{-f,g) = hoU{q){g-f). 
3.3.2 The universal string class 

Now that we have a model for the universal G-bundle we would like to calculate its string 
class according to Theorem I2.4.1I So far everything we have said works on the topological 
level. In order to use Theorem 12.4.11 however, the first thing we need is a connection on 
P^G X EG. Now, P^G is already a smooth manifold. In order to define a smooth structure 
and find a connection on EG we use the results in [36^ [37] . As long as the dimension of the 
base of the G-bundle P — > M is less than or equal to n this gives a construction of a smooth 
bundle EGn — > BGn with connection which is a model for the universal G-bundle. Prom now 
on we assume therefore that the dimension of the base of our L'^ G-bundle is fixed (and less 
than or equal to n for some n). 

To define a connection we need to know what a vertical vector looks like. Consider 
the vector in T(^p ^•^{P'^G x EGn) = TpP'^G x T^EGn generated by the Lie algebra element 

-tX)p{l + tX){l+tC),xe'^) 

-Xp + pX + p^),xe^^) 
ad{p-')X + 0,ix{X)). 

Note that the P^G part of a vertical vector is a vector field along p that ends at p{2tt){X — 
ad{p{27r)~^)X) (since ^ is a based loop). We will assume that we have a connection in EGn 



Hp,x){tX) = — 
- !L 

~ lit 



((1 





(p{X 
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since this is always possible by the discussion above. Call this connection a. So to find the 
horizontal part of a vector (V, W) G TpP^G x T^EGn we need a vector field along p that ends 
at F(27r) —p{2tt){X — ad{p{27r)~^)X) (since then F — {this vector} will end at the right point 
to be vertical). Consider the vector field 

p {ad{p-^) (F(27r)p(27r)~i - ad(p(27r))a(W^) + a{W)) } . 

If we define the horizontal projection of {V, W), h{V, W), to be the vector field above together 
with the horizontal component oiW (that is, hW = W — Lx{a(W))), then we have an invariant 
splitting of the tangent space at each point in P^G x EGn- This is easily verified: Since the 
EGn part has a connection, we need only check the P^G part. First calculate the right action 
on the vector above (which we will call hV even though technically the part of the connection 
on P^G is not actually a connection itself): 

(/i^(7,<7))(s-ip™) 



2^ I g-^p{ad{p-^) (F(27r)p(27r)-^ - ad{p{2Tr))a{W) + a{W))} gj. 
Compare this with the horizontal projection of a vector V at {p,x){'y,g) = {g^^pg^, xg) : 

= (^^) 9'^pgi{ad{g-^p-^g^)-^ {V'{2n)g-^p{2T,)-^g 

-ad{g-^p{2T:)g)a{W') + a{W')) } 

^ g-^p{ad{p-')g {V'{27r)g-M'^7r)-^9 



{^) 9-'p{adip-')g {V'i27r)g-'pi27r)-'g 



(for W = W'g-^) 



-ad{g-^)ad{p{2T:))ad{g)a{W') + a{W')) g-^] g^ 
\Tr)g-^p{2Tr)-^g 

-ad{g-^)ad{p{2Tr))ad{g)ad{g-^)a{W)+ad{g-^)a{W)) g'^} g^ 



2^ J g-'p {ad{p~') {gV'{27r)g-'p{27rr^ - ad{p{27r))a{W) + aiW)) } gj 
(1^) ^"'^ (^(27r)p(27r)-i - ad{p{27r))a{W) + a{W)) } gj 



(for V = V'{j,g)-^, so that V'{2Tr) = g-^V{27r)g)). 

So we see that the push forward of the vector hV is horizontal (at {g~^pgj,xg)) and 
conversely the vector hV is the push forward of a horizontal vector at {p,x). Thus we have 
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defined a horizontal splitting of T(^p^j.'^{P'^G x EGn) for each (p, x). To find the connection 
form for this connection we need to recover the Lie algebra element X) from the vector 
{y, W). We know that the vector 

v{V, W) 



V - J p{ad{p-^) {V{2tt)p{2tt)-^ - ad{p{2T^))a{W) + a{W)) } , a{W) 

is the vertical component of {V, W) and that the vertical vector generated by X) € fi^^g x g 
looks like 

{p{X-ad{p-^)X + i),i,{X)). 

Thus to recover ^ from v{V, W) we just subtract p{a{W) — ad{p^'^)a{W)) and, writing A for 
the part of the connection on P'^G, we have 

A{V, W) = 

p-^V - (^-^^ ad{p-^) {V{2ti)p{2ti)-^ - ad{p{2TT))a{W) + a{W)] 

- {a{W) - ad{p-^)a{W)). 

Therefore, the connection form {A, a) is given by 

{A, a)={Q- (^^^ ad{p-^) {ev^^ G - ad(p(27r))a + a} - (a - ad{p-^)a) , , 

where G is the Maurer-Cartan form, G is the right Maurer-Cartan form and ev27r : P^G — > G 
is evaluation at the endpoint of a path. It can be easily checked that this form satisfies the 
conditions for a connection. It will be useful later on to write this as a form valued in L^q. To 
do this we use the isomorphism of Lie algebras given in section 13.3.11 The connection form 
becomes 

Ai^g = G - °^(?'"^) {^^27r - ad{p{27r))a + a| + ad{p~'^)a. 

To calculate the string class we will need the curvature of this connection and a Higgs 
field. As usual, the curvature (as an L^g-valued form) is given by the formula 

Fivg = DAlvq 

where D is the covariant exterior derivative. So we have 

Fl-.Hv, w), {V, w')) = iyiLVg(m W), h{V', W')]). 
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Now, 



[h{V, W), h{V', W')] = {[hV, hV'], [hW, hW']) 



p {ad{p-') (y(27r)p(27r)-i - ad{p{27T))a{W) + a{W)) } , 



P{adip'^) (y (27r)p(27r)~i - ad(p(27r))a(Ty' ) + aiW')) } 



[hW, hW] 



and calculating just the first slot gives 

P [-^y^diP'') {[V{27t)p{27t)-\V'{27t)p{27t)-'] 

- [V{27r)p{27r)-\ad{p{27T))a{W')] + [V{2TT)p{2TTy^ ,a{W')] 

- [ad{p{27r))a{W),V'{27r)p{27T)-^] + ad{p{2TT))[a{W),a{W')] 

- [ad{p{27r))a{W),a{W')] + [a{W),V' {27r)p{27r)'^] 

-[aiW),adip{27r))a{W')] + [a{W),a(W')]} 

This yields 

^) " (^)) ""^^^"'^ {^[evLe^evLe] - [eYl^e,ad{p{27r)-^)a] + i[a,a] 

271 J 



+ [ev*^e,a] - [ad{p{27r))a,a] + [a,a]] - (^|-] ad{p-^){f - ad{p{27T))f) + ad{p-')f 

where / is the curvature of a. 

The other piece of data we need to calculate the string class is a Higgs field for EL^G. 
Define the map P^'G x EGn ^ O^g x g by 

^{p,x) = {p^^dp,0). 

Or, as a map to i^fl, 

Then by the calculation at the end of section 13.3.11 we see that ^L'^g is a Higgs field for 
P^G X EGn- Next we need to calculate 
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We have 



- A 

~ di 

- !L 

~ dt 



$LVg(pe*^) 

) 

(e-S"^9(pe*«)) 

) 



for V = ^lQpexp(t^). That is, 



So 



V$LV0 = [$iVg,G] + aG 



e - y—j ad{p-^) |ev2^ G - ad{p{2Tr))a + a} + aci(p-^)a, 

- 5 ^G - (^-^^ ad{p-^) {ev2^ Q - ad{p{27r))a + a} + ad(p-^)a 

= ^ad{p-^) {ev*2n - ad(p(27r))a + a} . 



So the string class for P^G x EGn is 



) ( i [ev^, G, ev^, Q] - [ev^ Q, ad(p(27r)-i)a] 



+ 



^[a, a] +[ev2^G, a] - [ad{p{2-K))a,a] + [a, a]^ 



1 

8^ 



- ( ^ ) (/ - ad{p{27r))f) + /, ^ ( ev^, G - ad(p(27r))a + a 



-i(i[G,G]-[G,ad(p(27r)-i)a] 

I [a, a] +[G,a] - [ad{p(2Tr))a, a]^ 

ad{p{27r))f + f,(@- ad{p{2Tr))a + aj ' 



+ 
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Chapter 4 

String structures for 
LG y\ S'^-bundles 

Thus far we have discussed central extensions of both the loop group (in chapter [2]) and 
the based loop group (in chapter [3]) . The loop group LG has a natural action of the circle 
given by rotating loops. In this chapter, we shall consider the more general case where 
we allow rotations of the loops in LG. That is, we shall be working with the semi-direct 
product LG x 5"^ . This group arises when we consider a natural generalisation of the caloron 
correspondence from section [231 There we showed that a G-bundle over M x corresponds 
to an LG-bundle over M. If we allow the base space of the G-bundle to be a non-trivial 
S'^-bundle (rather than M x S"^) we obtain not an LG-bundle but an LG x S'^-bundle. If, 
further, we consider a non-trivial fibre bundle (instead of a principal bundle), we obtain 
an LG x Diff (5i)-bundle. 

In this chapter then, we will calculate the obstruction to lifting a principal LG x 5^- 
bundle P to a principal LG x S'^-bundle P. In section W72\ we will construct a correspondence 
for LG X S^-bundles in analogy with the caloron correspondence from chapter O This will be 
used to prove a theorem which extends Theorem 12.5.31 relating the string class and the first 
Pontrjagyn class. In section 14131 we shall consider the lifting problem for the more general case 
where we allow general (orientation preserving) diffeomorphisms of the loops in LG, that is, 
principal bundles with structure group LG x Diff(S'^). 

4.1 The string class of an LG xi S'^-bundle 

In this section we present a formula for the obstruction to lifting a principal LG x S^-bundle 
P to a principal LG x S^-bundle P, which we call the string class of P. We shall follow the 
methods of [35] , outlined in section 12.41 In section 14.1.21 we will give another method for 
calculating the 3-curvature of a lifting bundle gerbe, first presented in [18], and apply this to 
the problem of the string class of an LG x S^-bundle. 
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4.1.1 The string class via lifting bundle gerbes 

Let LG X be the semi-direct product, whose multiphcation is given by 



(7l,'Al)(72,<^2) = (7lP0i(72),'Al + </'2) 



where P(f>{'y){0) = ^{0 — 4>). For convenience, let us record some facts about the Lie algebra of 
LG XI S"^ here. The bracket on the Lie algebra Lq xi zM is given by 



The central extension of LG xi S 

Recall from section [2^ that in order to perform calculations involving the lifting bundle gerbe, 
we needed an explicit construction of the central extension of LG. This was given following 
the construction in section 12.31 in terms of a pair of differential forms satisfying a certain 
compatibility condition. Namely, a pair (i?, a), where i? is a closed, integral 2-form on LG 
and a is a 1-form on LG x LG, satisfying the conditions 6R = da and 5a = 0. In a similar 
manner, for what follows we will require an explicit construction of the central extension 
of LG XI 5^. Note, however, that the construction in section [2.31 onlv works for Q a simply 
connected Lie group. This is because in order to construct the extension given the pair {R, a) 
we used the fact that a flat bundle over a simply connected base has a section satisfying 
certain conditions. This allowed us to find a {7(l)-bundle P over Q such that 5P ^ Q x Q was 
trivial and had a section which defined the multiplication on the central extension^ However, 
even though the semi-direct product LG xi is not simply connected we can modify the 
construction from section 12.31 slightly to cover this case J35j . This involves replacing the 2- 
form R with a differential character [12] for the bundle Q ^ Q. That is, we add to our pair 
{R,a) a homomorphism h: Zi{Q) — > U{1) satisfying 



[(e,x),(C,y)] = ([e,C]-x5c + ya^,o) 



and the adjoint action of LG xi S 



on Lq XI iM is 




for every two-cycle a m Q. We also require the compatibility condition 




for every closed one-cycle 7 in ^ x ^. 

Therefore, we need to find a triple of objects {R, a, h) as above. Note first that 

H^{LG X S^) ~ H^{LG). 



See the discussion in section [2.3.1l 
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To see this, we observe that as LG xi 5"^ = LG x 5"^ as a space, the Kiinneth formula (see [2]) 
gives 

H'^{LG X S^) ~ H'^{LG) ® H^{S^) © H^{LG) ® H\S^), 
since H'^[S^) = 0. Now, H^[S^) ~ H^{S^) ~ R, so we have 

H'^{LG X 5^) ~ H'^{LG) © H\LG). 

RecaU, however, that LG ~ QG x G as a space, and so tti(LG) = 'K2{G) x t^i{G). Therefore, 
as G is simply connected, so is LG, and thus Hi{LG,M) = by the Hurewicz Theorem (see 
for example [2D]). Therefore, by the Universal Coefficient Theorem (see for example |27) ) 
H^{LG) = 0, and so H'^{LG x 5^) ~ H^{LG). Thus, we take as the 2-form R, the pull-back 
of the form from section [2741 to LG x S^. That is, 



Note that since we are integrating over the circle, this expression is unchanged when each 
term is rotated by a fixed angle. That is, 

^ W(©), dp^Q)) de = ^ ^^(6, de) de 

Now, to find a we need to calculate 5R = tt^R — m*R + ttj-R, where as before, vTj is the 
projection LG x 5^ x LG x 5^ — LG x which omits the i^^ factor and m is the multiplication 
defined above. As in chapter O tt*R is given by 



and so it remains to calculate m*R. For this, note that a tangent vector to LG x at the 
point (7, (/>) can be written as (7, (/))(.^, x) = {'yPcpiO^ ^cp) some (^, x) G Lg x iE by using 
the left multiplication to transport elements of the Lie algebra to the point (7, 0). Therefore, 
we can calculate m*R by noting that 

m*i?((7i/9^^(^i),xi<^J, (72/9^2(^2), a;2</.2)) = -R("^*((7l/50l(?l),a;l0J, (72/502 (6), X2^2))) 
and calculating the push-forward of m. We have 

"I* ( (71 Pflii (6 ) , a;i0i ) , (72 /9<i!>2 (6 ) , 3^202 ) ) 
d 



dt 



(71(1 -Ft^f )p(0^+te^)(72)p(0i+tei)(l -ht^f )),</'l + 4>2+t{xi +X2)) , 



where we have written (for example) for (^1 ) . As the multiplication on the factor 
is not twisted, the second slot above will give xi + X2- Thus it suffices to calculate the first 
slot only. Using the fact that 



d_ 

di 



/'(</.! (72) = -xip^^{d-f2), 
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we have 



di 



(71(1 + )/5{0i+teo(^2)P{0i+tei)(l + ^^f)) 



= 71^72^^ + 7172^^ ^2'' - ^171^^72'^ 

= 7i72"V(<Ai+</'2) ((72~'672)''" + 6 - xi{j^'d-,,r^") . 

Therefore, m*R evaluated on the pairs of tangent vectors ((71, (pi){S,i, xi), (72, 4>2){C2, X2)) and 
((7i,</'i)(Ci,yi), (72,02)(C2,y2)) is given by 

^ / ^(ad(72-i)6)^^" +6 - xi(72-'972)''^",5 ((ad(72-')Ci)''" + C2 - 2/i(72"'572)'") ) d9, 



where we have used the fact that the integral is unchanged by rotating everything by P(^^^_^_^^y 
Expanding this, we have 



in 



((ad(72-i)ei),a(ad(72-i)Ci)) + {^2,8(2) 
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+ xm {{ad{j^')Z2),d{ad{^^^)Z2)) 
+ {{ad{^2')Ci),de,') + {e2\d{ad{^, 
- yi {e2\d{adij^')Z2)) - X, ((ad(72-i)Z2),<^> 
-yi((ad(72"i)ei),5(ad(72-')^2)> 

- XI ((ad(72-')^2), 9(ad(72-')C2)> dO, 

where as before Z is the function 7 1— > ^77^^ and, again, we have used the rotation invariance 
of the integral. Using the ad-invariance of the Killing form and integration by parts, along 
with the identity from section 12.41 



d (ad(7~i)X) = ad{-f-^)[X, Z] + ad{j-^)dX 
for a vector X £ Lq, this simplifies to 

/ ([ei,Ci],Z2) + (6,9Ci) + (6,9C2) 

4vr J si 

+ (ad(72"i)ei, 9C2^^> - ad(72"i)Ci> - xi {Z^, 9Ci) + Vi {d^i, ^2) 

- XI (aa!(72-')^2, + yi {de2\ad{j^')Z2) d9, 

or simply 

m*R = ^ [ ([ei,Gi],Z2) + (61,591) + (92,592) 

+ 2 (ad(72"^)Gi, 59f ) - 2 (^10^(72-^)^2, 59^^) - 2 (^1^2, 99i) 
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where fi represents the Maurer-Cartan form on S^. Therefore, we have 

= i ([61,61], Z2) - (ad(72-')6i,56^^> 

+ (^ia(i(72~^)Z2,96f > + {fiiZ2,dQi)de. 

Recall from section 12.41 that for the loop group case, the form a such that da = 6R is given 
by 

« = ^ / {®i^Z2) d9. 

When evaluated on the vector (71^1,72^2) tangent to the point (71, 72) G LG x LG, a is given 
by 

i 

2^ 



(6, 57272-') rf^- 

Consider the generalisation of this form to LG » x LG » S^. That is, define ai as 



ai{-/l^''\xi^^,-f2^P\X2^2) = ^ L (6,^7272 ') 



or 



ai 



27r 



6^1 ,Z2)de. 



We can calculate the derivative of this form via 

daiiX, Y) = \ {X(ai(y)) - y(ai(X)) - ai([X, y])} , 
for tangent vectors X and Y. Thus we need to calculate 

(71 .x\4>i > 72^2" , X24,^ ) (ai (71 Ci' , yi0i , 72C2 ' ' y2<^2 ) ) 
d 



f / (Ci, 9(72(1 + t^2''))(l-tC2'')72-'>ci0 



^ I {Ci,ad{j2)de2')de, 



and 



«i ( [(71 , a^i-fii ) , (71 Ci ' , 2/101 )] , [(72?f , a;2<ii2 ) , (72Cf , 2/202 )] ) 
= i /^([(^i'^i)'(Ci,yi)], 57272"')^^ 
" i / 1 ([^i''^i]'^^272~'> - (a;i9Ci - yi 9^1, 5727^^) (i6l. 

Therefore, we have 

d»i = ^ I -^([6,6],Z2>-(ad(72-i)6i,56f > + (^iZ2,96i>de. 
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Note that 6R does not equal dai. However, 

SR-dai = ^ [ {niad{-io^)Z2,dQ'?) dO. 
27r 751 



Using the identity 
we see that 

Now, if we define 
then 
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ad{n)dQP = dZ, 



Thus a is given by 



SR — dai = — / (/U1Z2, dZ2) d9. 

^2 = -^ [ {fiiZ2,Z2)de, 
47r J SI 

da2 = T~ / {fJ'idZ2, Z2) + {iJ.iZ2,dZ2) d9 
4vr J SI 

= ^ f {^iZ2,dZ2)d9 

= SR — dai ■ 

" = i [ _^{^*2@'~'-k^*2i^T^*iZ,^tz)de, 

J S 



and 5R = da. One can also easily check that 5a = 0. Notice that the 2-form R is left 
invariant and the 1-form a is left invariant in the first slot. To find the homomorphism 
h: Zi{LG X S^) U{1) we note that since 7ri(LG x 5^) = Z any cycle a G Zi{LG x S^) 
can be written as 717 + da, for some two-cycle a, where 7 is the generator of Hi(LG x 6*^), 
a loop around the factor. It is easy to see that the integral of a over the generators of 
Hi{LG X X LG X S^) vanishes, that is. 



a = = a 

1 71 -^72 

for 71,72 loops around the first and second factors respectively. This suggests that we 
define 



//)■ 



h{a) = h{d<j) = exp 

This is well defined since if a = 717 + 5(T = 7^7 + da' then d{a — cr') = and so / i? G 27riZ 

Ja-a' 

(since R is integral). Because the integral of a over the generators of Hi{LG x x LG x S^) 
vanishes, it is easy to check that for any one-cycle 7 we have 

((5/i)(7) =exp^J a^ . 

Thus we have proven 

Proposition 4.1.1. The triple {R,a,h) as above determines a central extension of the semi- 
direct product LG x . 
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A connection for the lifting bundle gerbe 

Now that we have a construction of the central extension of LG x S^, the next step is to write 
down a bundle gerbe connection for the lifting bundle gerbe. Recall from section 12.41 that if 
P is an LG xi 5^-bundle and i/ is a connection on the central extension LG xi thought of 
as a bundle over LG xi 5^ then a bundle gerbe connection is given by t*v — e, where e is some 
1-form on pt^l satisfying 6e = T*a. In the LG case, this form was given by 

e = ;^ / {7r*^A,T*Z)de, 

where A is a connection on P. As mentioned in section 12.41 it is possible to write e in general 
in terms of a [43]. We shall now demonstrate how to do this. Let P be a ^/-bundle with 
connection A. Recall that A satisfies 

TT^A = ad{T^2^)TT2A + Ti2@- 

For tangent vectors {Xi, X2, X^) at {pi,P2,P3) ^ P^^\ we can calculate 

'^{ti2,T23)(.'^12{Xi,X2),T23{X2,Xs)) 

- «{ti2 ,r23) i^* {A{Xi ) , ri2 ( Ai , X2 ) ) , T23 ( A2 , A3 ) ) 
+ "(l,Ti2r23)(^(^l)>"^*(n2(Ai, A2),r23(A2, A3))) 

-a(i,,,,)(A(Ai),ri2(Ai,A2)). 
Notice that the first term above is actually T*a. Since 5a = 0, we have 

('^*«)(pi,P2,P3)(-^l'^2, A3) = 

«(n2 ,T23) ("^* (^(-'^i ) . n2 ( Ai , A2 ) ) , r23 ( A2 , A3) ) 

- «(l,ri2r23)(^(^l), "7*(ri2(Ai, A2), r23(A2, A3))) 

+ a(i,,,,)(A(Ai),ri2(Ai,A2)). 

Now, if we define e in terms of a and A as 

^(pi,P2)(^l'^2) = a(l,ri2)(^(-'^l))'^12(-'^l,-'^2)) 

then we have 

('^*^)(P1,P2,P3)(^1'"'^2, A3) = 

a(i,,,3)(A(A2),r23(A2,A3))-a(i,.,3)(^(Ai),ri3(Ai,A3)) 

+ a^i^^^^){A{Xi),Ti2iXi,X2)). 

Using the fact that ri3 = ri2T23, we see 

a(i,^^3)(>l(Ai),ri3(Ai,A2)) = a(i,^,,^23)(^(^i)'"^*(^i2(^i>^2),r23(A2,A3))) 
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and since a is left invariant in the first slot, and using the equation above relating A{X\) and 
A{X2)^ we have 

a(i,^,3)(^(X2),r23(X2,X3)) 

= "(ti2,T23)('^12^(^2),T23(^2,^3)) 

(ri2 {ad{T^^)A{Xx) + t^^ (ri2 (Xi , X2))), r23 (X2 , X3)) 

= «(ri2,r23)(n2ad(l"i2^)^(Xl) + ^12 (^1 , X2) , r23 (^2 , ^s)) , 

which equals 

«(ri2 ,T23 ) ("^* (Xl ) , T12 (Xl , ^2 ) ) , T23 (^2 , ^3 ) ) • 

Thus we have (5e = r*a. 

Consider now the LG x 5^-bundle P. Choose a connection a) for P, where ^ and a 
are 1-forms on P with values in Lg and respectively. Note that a is a connection for the 
associated S^-bundle P/LG whereas A is not a connection form. In fact, if X is a tangent 
vector to P, we have 

(Aa)(X(7,0)) = ad{^,(p)-\A{X),a{X)) 

= (p^-i {ad{^-^)A{X) - a{X)r'd^),a{X)) , 

and so A does not have the correct transformation properties to be a connection!! Given 
{A, a) then, we can write down the 1-form e € 0^(p[^l) as above: 

e=— / (7r*^-i7r;ar*Z,r*Z>(i0. 

It is easy to check that 5e = T*a and so we have that t*u — e is a connection for the lifting 
bundle gerbe. Of course, as in section 12.41 we are concerned with finding a curving for this 
bundle gerbe and so we are really interested in calculating the curvature of this connection, 
given by t*R — de. Recall that for a connection ^4 on a ^/-bundle, we have the formula 

T^IA = ad{T-'^)-KlA + T*Q. 

In the case where Q = LG x 5^, the formula relating T:*{A,a) = (^42,02) and 7r2(A, a) = 
{Ai,ai) is 

(^2,02) = (prgi M^lg)^i - «i^lg^^lg) +^LG(PT5\(0))>ai +r*i^) 

where we have written the difference map r as (ricr^i). That is, tlg is the LG part of r 
and Tgi is the circle part. From now on, we will simply write r and assume that it is clear 
from the context which part we mean. In particular, then, we have 

T*p~\Q) = A2- {ad{T-^)Ai + aiT^^dr) . 
■^Notice the similarity with the treatment of connections for the universal OG xi G-bundle in section [3l3] 
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Note that here we have used the fact that the Maurer-Cartan form on LG x is not the pair 
(6, n) but in fact includes a rotation of 0. So at the point (7, (p), it is given by (p^-i (6), ;u). 
We can use this to calculate t*R — de. Writing for p{A) and so on, as before, we have 

T*R=^ J {T*e,dT*Q)de 

= ^ f (^2 - ad{T-^)Ai + aiT-^dr, d{A^ - ad{T-^)Ai + aiT-^dT))de 

4vr J si 

= / {A2, dA2) - 2{A^2, d{ad{T-')Ai)) + 2(^^, aid{T-'dT)) 

+ {ad{T-^)Ai,d{ad{r-'^)Ai)) - 2{ad{T-^)Ai,aid{T-^dT)) 
+ {aiT-^dr, aid{T-'^dT))d9 

= ^ [ {A2,dA2)-2{A^^,diad{T-')Ai)) + 2{A^^,aidiT-'dT)) 

+ {ad{T-^)Ai,d{ad{T-^)Ai)) - 2{ad{T-^)Ai,aid{T-^dT))de. 
The last term vanishes since oi A ai = 0. For de we have: 

de = ^d [ {Ai - ^aiT*Z,T*Z)d9 

[ {dAi,T*Z) - {Ai,d{T*Z)) - \{daiT*Z,T*Z) + {aiT* Z,d{T* Z))de 



2^ 



and using the fact that d{T*Z) = ad{T)d{T*Qf), 

= {dAi,T*Z)-{Ai,adiT)d{T*e'')) 

- ^{daiT*Z,T*Z) + {aiT*Z,ad{T)d{T*QP))de 

- {A^,ad{T)d{Ap2-ad{T-^)Ai + aiT-^dT)) - \{daiT*Z,T* Z) 

+ {aiT*Z,ad{T)d{A^ - ad(r-^)^i + axT-^dT))de 

= ^ [ {dAi,T*Z) - {Ai,ad{T)dAf^) + {Ai,ad{T)d{ad{T-^)Ai)) 
2Tr J SI 

- {Ai,aiad{T)d{T-^dT)) - \{daiT* Z,t* Z) 

+ {aiT*Z,ad{T)dAP^) - (air*Z, ad{T)d{ad{T-^)Ai))de. 

Therefore, 

T*R-de = — I {A2,dA2) -2{dAi,T*Z) - {Ai,ad{T)d{ad{T-'^)Ai)) 

+ 2{aiT-^dT,d{ad{T-^)Ai)) + {daiT*Z,T*Z)dd, 
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using the ad invariance of the Kilhng form and integration by parts. Then, using the identity 
from before, 

d{ad{T-^)A) = ad{T-^)[A,T* Z] + ad{T'^)dA, 

yields 

T*R-de = ^ [ {A2,dA2) -2{dAuT*Z) - {Ai,[Ai,T*Z]) - (AudAi) 

+ 2{T*Zai,[Ai,T*Z]) + 2{aiT*Z, dAi) + {daiT* Z,t* Z)d9 

= ^ [ {A2,dA2) - {Ai,dAi) -2{dA,,T*Z) - {[AuAi],T*Z) 
4vr J si 

+ 2{T*Zai,dAi) + {daiT*Z, T*Z)d9. 

Note now that if {F, f) is the curvature of the connection {A, a) then we have 

(F, f){X, Y) = {dA{X, Y) + \[{A, a){X), {A, a){Y)lda{X, Y)) 

= {dA{X, Y) + \{[A{X), A{Y)] - a{X)dA{Y) + a{Y)dA{X)),da{X,Y)). 

That is, 

(F,/) = {dA + \[A, A] - a ^ dA.da). 
Therefore, the formula above for t*R — de reads 

T*R-de=— [ {ttIA, dirlA) - (^2^, Svts^) - 2 (vrgF - ivr^/ t*Z, t* Z) dO. 
47r J SI 

A curving for the lifting bundle gerbe 

Recall that in order to find the 3-curvature of the lifting bundle gerbe, and hence a represen- 
tative for the image in real cohomology of the Dixmier-Douady class, we need a curving for 
T*LG X That is, some 2- form B on P such that 5B = t*R - de. Note that 6 = tt^ - 
and 

T*R-de = 6(— [ {A,dA)de]-—[ (n^F - t* Z,t* Z) dO. 
\4Tr Jsi J 2tt Jsi 

To deal with the second term above, we use a similar method to the one in section [2^ Namely, 
we will need a Higgs field for the LG xi S'^-bundle P. 

Definition 4.1.2. A Higgs field for P is a map <I>: P ^ Lq satisfying 

Hpil, <P)) = P^' {adij-')'^ip) + . 

We shall explain the geometric significance of this map in section 14. 2[ As in the LG case, 
Higgs fields exist for LG x 5'^-bundles. Note that the condition above implies that a Higgs 
field $ satisfies 

7r*$ = (ad(T-i)7r|$ + r-^dr) 

or simply, 

ad(r)$^ = $1 + T*Z. 
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Using this, the second term in r*i? — de becomes 

i /^^ - \h r*Z, ad{T)^ - $i> dO. 

Since (F, /) is a curvature, it satisfies 

'Kl{FJ)=ad{T-^)'Kl{FJ). 

That is, /2 = /i and 



or 



ad{T)FP = Fi - hT*Z. 

Using this, we have 

^ J^^ (Fi - l/i r*Z, ad(T)$^ - $i> 

= — / (Fi + ad(r)F|', ad(r)$^ - $1) d0 

4vr J si 



I 



Ait 



■ I [Fuadij)^'^) - (Fi,$i) + (F2,$2) - (ad(r)F2'',$i)de 

Note, however, that the second integral above simphfies further 

(Fi,ad(r)$^) - {ad{T)F^ dO 

= ± [ {ad{T)F2 + hr*Z, ad{T)^) - (Fi - /ir*Z, $1) d0 
47r J SI 

= ^ f (F2, $2) - (Fi, $1) + {fiT*Z, ad{T)^ + ^i)de 

(F, <!>) d0 j + ^ 2 (/iT*Z, $1) + (/iT*Z, r*Z) 



Therefore, t*R — de is equal to 

s (^^ OA) - 2 (F, de^ -i^J^,'^ (/i^*^' ^1) + (/i^*^' ^*^) 

So it is enough to find a B2 G rP{P) such that 

SB2 = ^ [ 2 (/ir*Z, $1) + (/iT*Z, r*Z) dO. 
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Consider, then, the form 

i 

We have 
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/ ($2,/2$2)-($l,/l$l)de 



/51 

+ (T*Z,/iT*Z)-($i,/i$i)de 

47r 



/ 2{hT*z,^,) + {hT*z,T*z)de. 



Therefore, a curving for the hfting bundle gerbe is given by 

B = ^ [ {A, dA) - 2{F + de. 
47r J SI 

The string class of an LG xi S^-bundle 

The last step now that we have found a curving for the lifting bundle gerbe is to calculate the 
3-curvature H = dB. Then H/2m is integral and represents the real image of the Dixmier- 
Douady class of t*LG x (and hence the obstruction to lifting P). We have 

dB = ^ [ {dA, dA) - {A, d{dA)) - 2 {dF, $) - 2 (F, - /$) - fd^) dO 

= /" {dA, dA) + {dA, dA) - 2 {dF, $) - 2 {F, d$) - 2 /$) 

AtT J gl 

= ^ f {dA, dA) - {dF, $) - {F, d^) - /$) de. 

To proceed further, we require the Bianchi identity for (F, /). Note that 

d{F, /) = {[dA, A]-fAdA + aA d{dA), d^a). 
In particular, this means that 

dF = [F,A\- f AdA + ah dF, 
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since 

[F, A] = [dA, A] + A],A]-[aA OA, A] 
= [dA,A] - [a Ad A, A], 

and 

aAdF = aA d{dA) + A d[A, A]-aAd{aA OA) 
= aAd{dA) + [a A OA, A]. 

Using this, and the fact that /^i {[A, A],dA)d6 and {aAdA, dA) both vanish (so that fgi {dA, dA)d9 = 
Jgi{F,dA)d9), the expression for dB becomes 

dB = — I {F, dA) - {[F,A]- f AdA + aA dF, $) - {F, d^) - {d<^, /$) dO 
2vr J SI 

= — I {F,dA) - {[F,A],<i>) + {f AdA,^) - {a AdF,^) - {F,d<^) - {d^, f^) dO 

= — f {F + f<^, dA) - {F, [A, $]) - (a A dF, <^) - {F + dO 
2vr J SI 

= T^ / + dA) - {F, [A, <!>]) + {F, ad^) - {F + f<^, d<D) d9 
27r J SI 

= — [ {F + f^,dA- [A, + ad^ - d$) dO. 
2vr 751 



Where the last hne follows from the fact that fgi{f^,ad^)d6 and (/$, [A, $]) both vanish. 
If we define the covariant derivative of $ by 

V$ = d$ + [A, ^]-dA- a9$, 

then one can easily check that it is (twisted) equivariant for the adjoint action. That is, 

VcI>(X(7,0)) = p^' {adij-')V<^>{X)) , 

for any tangent vector X. The same is true for the quantity F + /<!>, and so using the ad- 
invariance of the Killing form and the rotation invariance of the integral. Lemma [3.2.31 implies 
that H = dB descends to a form on M. Thus we have proven 

Theorem 4.1.3. Let P ^ M be a principal LG xi S^-bundle and let ^ be a Higgs field for 
P and {A, a) be a connection for P with curvature {F,f). Then the string class of P, that is, 

the obstruction to lifting P to an LG x -bundle, is represented in de Rham cohomology by 
where 

V$ = + [A, ^-dA- ad^. 
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4.1.2 Reduced splittings for lifting bundle gerbes 

In this section we shall present an alternative method for finding the curving of a lifting bundle 
gerbe and show how to apply this to the problem above. This method uses reduced splittings 
and was first introduced by Gomi [18]. 

In [1] Brylinski considers the problem of lifting a principal (/-bundle P to a ^/-bundle P, 
for which he uses a bundle splitting. He relates the obstruction class to the scalar curvature 
of a certain connection on P. In [L8l Gomi phrases this in such a way that he can use the 
theory of lifting bundle gerbes in order to calculate the obstruction class. We shall begin by 
briefiy outlining Brylinski's results before describing the reduced splittings of Gomi. 

Let ^ be a Lie group with central extension Q. If <3 and C5 are the Lie algebras of Q and 
Q respectively then we have an extension of Lie algebras 

We can define an action of ^ on by lifting the adjoint action of Q on its Lie algebra. That 
is, we define ad: ^ x ^ by 

ad{g)i = ad{g)i, 

where ^ G and g £ G projects to g G Q. This is well-defined since U{1) acts trivially on 
and any two lifts of g differ by an element of U (1). Consider now a principal C/-bundle P. We 
can write down an exact sequence of vector bundles associated to P as follows. Let Adg(P) 
denote the adjoint bundle of P where Q acts on the Lie algebra g. For example, Adis(P) is 
the usual adjoint bundle of P and AdiiR(P) = P Xadi^ ~ M x zM. Since Q acts via the adjoint 
action on the exact sequence above, we have an exact sequence of vector bundles 

^ Ad«(P) ^ Adc5(P) ^ Adg(P) ^ 0. 

This means that Adis(P) is isomorphic to the direct sum of M x iR and Adg(P). A choice 
of isomorphism is called a bundle splitting. That is, 

Definition 4.1.4 A bundle splitting of P is a vector bundle map 

L: Adg(P) ^ Ad«(P) 
which is the identity on the (trivial) subbundle AdjiR(P). 

As mentioned above, Brylinski uses the notion of scalar curvature to calculate the ob- 
struction to the existence of a lift of P. This is essentially the iM. part of the curvature of a 
connection on P. More precisely, 

Definition 4.1.5 ([!]). Let yl be a connection on P with curvature F, viewed as a 2-form on 
M with values in Adg(P) ~ Adg(P). Let L be a bundle splitting of P. The scalar curvature 
of A is the zM- valued 2-form 

K = LoF. 
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To see how this is related to the obstruction class, let {Ua} be a good cover of M over 
which P is trivial. Then there exists a lift of P|f/^ ^ Choose a connection on P\ua 
and let be the scalar curvature of a connection A„ on which is compatible with A^ in 
the sense that the pull-back of A^ to Pa coincides with the image of A^ in (S. That is, 

rAa=p{Aa), 

where / is the bundle map Pa P\Ua ^^'^ P the projection G ^ G. Brylinski's result, then, 
is that the (real image of the) obstruction class restricted to Ua coincides with the derivative 
of the scalar curvature, dKa- 

As mentioned, Gomi's results interpolate between the method described above and the 
theory of lifting bundle gerbes which we have used extensively. He utilises so-called reduced 
splittings to write down a formula for the curving of the lifting bundle gerbe associated to a 
lifting problem and relates the curving to the scalar curvature. In the case where a splitting of 
the Lie algebra of (S has been specified, reduced splittings are equivalent to bundle splittings. 
To describe Gomi's results, let us assume we have chosen a splitting of the Lie algebra (S as 

Definition 4.1.6 (tl8j). The group cocycle for the central extension Q is the map a: ^ x — > 
iR defined by 

a{g,O=ad{g){^,0)-{ad{g)^,0), 
where ad{g) acts on as described above. 

The group cocycle gives information about the multiplication in Q in the same way as the 
1-form a which we used. In fact, as we shall see, to apply Gomi's results to the case where Q 
is either the loop group LG or the semi-direct product LG x S^, we shall give a in terms of 

Q. 

Definition 4.1.7 ([H]). A reduced splitting for a principal t?-bundle P is a map £: Px(S —>■ iM. 
which is linear in the second factor and satisfies 

Kp,0 = ^iP9,ad{g-')0 + aig-\0- 

The relation between reduced splittings and bundle gerbe curvings is given by the following 
theorem. 

Theorem 4.1.8 ([E]). Let F be the curvature of a connection A on P and £ be a reduced 
splitting for P. Define a 2-form k on P by Kp = i{p, F). Then a curving for the lifting bundle 
gerbe associated to the lifting problem for P is given by 

B = ]^uj{A,A) + K, 

where uj{^,() = [(CiO), (CiO)]g — ([CiC]©iO) is the cocycle classifying the central extension. 

To connect this with Brylinski's work, Gomi proves the following theorem relating the 
curving and the scalar curvature. 
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Theorem 4.1.9 (p^). Let P be a principal Q-hundle and P he a lift of P. Let A he a 

connection on P and A he a compatible connection on P. Then the curving can he written as 

B = 7r*K - F, 

where F is the curvature of the connection A — f*A on P (for f : P ^ P the bundle map 
defining the lift) and K is the scalar curvature of A. 

We would now like to consider the case where Q = LG x: . We shall define a reduced 
splitting for P so we can use Theorem 14.1.81 to calculate a curving and show that it is in 
agreement with the results from section I4.1.1[ The group cocycle in this case is given by 

f^((7,0)"\(C,2;)) = a((i,i),(^,0))((C,x),(O,O)) 

J s 

and we have 

Proposition 4.1.10. A reduced splitting for the LG x S^-hundle P is given by 



t{p,{i,x)) = -^ I {i + \x^{p)Mp))de, 



where ^ is a Higgs field for P. 

Proof. We need only show that it satisfies the transformation property above. We can calcu- 
late 

e{p{j,(t>),ad{^,<t>r\^,x)) 

= (adi^^'m - xZ) + Ix ad{-i''){^p) + Z),ad{-f-^)mp) + Z)) dO 

J s 

+ (C, Z) - {xZ, Z) + {\x^{p), Z) + (ix Z, Z) d9 



2^ 



[ {C + ^x1>{p),^p)) + {X-^xZ,Z) 



dO 



£{p, (e,x))-a((7,0)-S(e,x)) 



as required. □ 

Note that in order to use Theorem 14.1.81 we need the cocycle uj. This is simply given by 
the form R which defines the central extension. In particular, 

u;{{^,x),{C,y)) = ^ I itdOde. 
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Therefore, for the curving of the hfting bundle gerbe, Theorem 14.1.81 gives 



B = 




4vr J51 

where as before, {A, a) is a connection on P and (F, /) is its curvature. 

4.2 Higgs fields, LG x S'^-bundles and the string class 

Now that we have an exphcit formula for the string class of an LG xi 5^-bundle P, it is natural 
to ask whether there is some relation with the Pontrjagyn class of a G-bundle related to P 
in some way, as was the case with the string class of an LG-bundle presented in chapter [2l 
In particular, in section [231 following |35j . we saw that there was a correspondence between 
LG-bundles over M (with connection and Higgs field) and G-bundles over M X 5^ (with 
connection) (Propositions 12.5.11 and I2.5.2p and we used this to prove that the string class 
of P is given by integrating over the circle the first Pontrjagyn class of the corresponding 
G-bundle (Theorem I2.5.3p . In this section, we shall show there is a correspondence between 
LG XI S'^-bundles over M and G-bundles over S'^-bundles over M, which holds on the level 
of connections as well. As in section 12.51 we shall use this correspondence to prove that the 
string class of P is given in terms of the Pontrjagyn class of some G-bundle. 

4.2.1 Higgs fields and LG xi S'^-bundles 

The following correspondence first appeared in p]. We will present it here in detail and also 
extend it to the level of connections. 

Suppose that we have a principal G-bundle over a principal S'^-bundle: 



We would like to mimic the construction of the LG-bundle in section 12.51 where we essentially 
took loops in P such that their image in M x 5"^ commuted with the obvious action 
on this space. That is, for a loop / G LP^ in the fibre above {m} x we required that 
Ti{f{6)) = {m,9). The difference here is that we cannot choose a global section M and 
thus there is no way of choosing a 'starting point' for the loop vf (/) : ^ Y. We can, however, 
still require that the map 7r(/) commutes with the action on Y (which we will write as 
addition). That is, we can define 



P 



G 



Y 



M 



P = {f:S 



p\n{f{e + <p)) 
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and there is a canonical map P M. P is acted on by LG x S : 

{fh,mo) = f{e + <i>hie + ci>), 

i.e. 

It is a right action since 

/(7l,'Al)(72,'/'2) = Pll+^^)fPl^^+^^)llP^^h2) 
= P~(^^+^^){fllP4>Al2)) 
= /(7lP0i(72),01 +</'2)- 

It preserves the fibres of P since the G action on P preserves fibres and the 5^ action on Y 
preserves fibres. It is also free and transitive on fibres and therefore P ^ M is a principal 
LG X 5'^-bundle. Note that local triviality of this bundle follows from the local triviality of 
Y as follows: Choose a good cover of M and let U be an open set such that we can find a 
local section s: U ^ Y^^. There is a map P ^Y given by / i-^ 7r(/(0)). If we pull-back P by 
s then s*P — > [/ is trivial (since U is contractible) . 

Conversely, suppose we are given a principal LG xi S'^-bundle P — > M. Following the 
construction in section 12. 5^ define 

P={PxGx S^)/LG X S\ 

where \p,g,6] = \p{'y,(j)),'y{6)~^g,9 — (j)]. A G action on P is given by [p,g,9]h = \p,gh,9]. 
There is a natural projection from P to the S^-bundle associated to P via the homomorphism 
LGx S}^ S^, that is, P ^ {P x S^)/LG x ^ P/LG, given by it{\p,g,0]) = [p,9]. This 
makes P into a principal G-bundle. Thus, given the LG x 5^-bundle P — > M we can construct 
a G-bundle over an -bundle: 

PxGxS^ 
LG X 51 

G 

Px 

LG X 51 
M 

We would like to show that both constructions above are invertible (as we did for the con- 
structions in the LG case). Assume, then, that we are given an LG x 5^-bundle P M and 
have constructed the G-bundle P over the S'^-bundle P/LG M as above. Then use the 
first correspondence above to form the LG x 5^-bundle P' ^ M (by taking certain loops in 
P). So we have 

P' = {f: ^{PxGx S')/LG x | 7r{f{e + c^)) = n{f{e)) + <P} 
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and a bundle isomorphism is given by 

P^P'; fp = {9^\p,l,e]). 

It is easily checked that this map commutes with the LG xi action, for 

and on the other hand, 

fp{7,<P) = fp{e + 4>h{9 + <P) 
= \p,i,e + 4>]j{9 + (i)) 
= \p,^{e + ci>),6 + 4>] 

So we have that P ~ P'. If, on the other hand, we are given the G-bundle over the S^-bundle 
P — >• y — >■ M and have constructed P — > M, then we can construct P' — > P/LG M and 
we would like for these bundles to be isomorphic. That is, P' P and P/LG ~ Y. Firstly, 
consider the map P/LG ~ P ^LGyiS^ ^ Y defined by [/, 9] i— > 7r{f{9)). This is well-defined 
on equivalence classes: 

[/, 0] = [p^HH,e - 0] ^ mie - + 0)7(0 -</> + </>)) = Hfm- 

It commutes with the action on P ^iGysS^ '■ 

[f,e + a]^n{f{e + a)) = n{fi9)) + a 

by the definition of P in terms of P. Thus P XiGxiS^ — P consider the 

bundle map 

P'^P- [f,g,9]^f{9)g. 

This is well-defined: 

[/, g, 9] = [/(7, ^)n{0)-'9, 9-(t>]^ f{9-^- cf>Me - + ^h{9)-'g = f{9)g, 
and commutes with the G action: 

[/, g,9]h= [/, gh, 9] ^ f{9)gh = { f{e)g)h. 
Therefore, it is a bundle isomorphism and P' ~ P. Thus we have proven 

Proposition 4.2.1 ([Ij). There is a bijective correspondence between isomorphism classes 
of principal LG xi S^-bundles over M and isomorphism classes of principal G-bundles over 
principal -bundles over M. 
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As in section 12.51 the correspondences here hold on the level of connections as well. We 
shall now describe how to derive the connections corresponding to one another. 

Suppose we are given a connection A on P ^ Y and a connection d on y ^ M. This 
amounts to a splitting of the tangent spaces TpP ~ VpP © HpP at each point p £ P and 
also TyY ~ VyY © HyY at each point y €Y. Since P is given by certain loops in P, a vector 
X G TfP is really a vector field along / in P. So, Xq £ Tf(^g-jP. Thus we can use the splittings 
of the tangent spaces of P and Y to define a splitting for the tangent space to P at / for each 
9. So we have 

^ yf(e)P ® y^m)y ® ^(^yo*)(/(e))M, 

using the isomorphisms Hj^q-^P ~ Tjf^f^jf^QyyY and Hjf^f^j^QyyY ~ T(^yo^)(j(-g-))M. We can find the 
1-form for this connection by calculating 

Xe — 1T*Xg 

which equals where vr = vry o fr and V is the horizontal lift of a vector on M 

first to Y, then to P. Note that using the connection on Y we have 

and so 

Lifting everything, we have 

and thus _^ 

'^f(e)i^f{X)e) = Xg - TT^Xe + /,jf(j(e))(d(7f*Xe)). 

But Xq — tt^Xq = if(g-j{A{Xe)) and so we have 

if(e){Af{X)e) = + ii(^f(^e)){a{^*X0)). 

To make use of this we need to be able to write A as an Lg-valued 1-form and an zM-valued 
1-form. That is, A[X)q = (^(0),x) for ^ E and x G iM. To that end, consider the vertical 
vector V in TfP generated by the Lie algebra element (^, x) : 

Ve = j^Jiexp{tC),tx)ie) 

= ^ fie + tx)exp{tae + tx)) 
dt\o 

= Lf(e){m) + xf'{e). 
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Since A is a connection, it returns the Lie algebra element corresponding to the vertical part 
of a vector X. Therefore, we must solve the following equation for ^ and x : 

Applying A to both sides gives 

A{Xo)=m+xAif'{e)), 
since t^^j-^g-)) (a(7f^,X5i)) is horizontal with respect to A. Thus, we have 

Taking instead, tt^^ of both sides gives 

since the vectors Lf(^Q-){A{Xg)) and are vertical in P. Then applying a to both sides 

yields 

a{Tr*Xe) = xa(TT^f'(0)). 
So (with a slight abuse of notation) we can write the connection form on P as 

(A a)f{X)e = {A(Xe - a(X)f'ie)), a{X)), 

where A and a are connection forms on P and Y respectively and a{X) is given by the formula 
for X above. Now that we have the connection on P in this form we can check explicitly that it 
satisfies the conditions for a connection. By construction, it satisfies {A, a){Lf{^, x)) = (^,.x) 
and so we just need to check that {A, a){X{'y, cf))) = ad{'y,(f))~^{A,a){X). Recall that the 
adjoint action of LG x on its Lie algebra is given by 

ad{j,cl>)-\^,x) = (p^i {ad{j-')C-j-'djx),x) 

and so 

ad{y, d>)-' {A, a)iX)e = [p^\ad{-f-')AiXe - a{X)f\e)) - ^^'d^ a(X)), a(X)) . 

On the other hand, the action of LG x on the tangent vector X is 

X{%cl>)=p-\X^). 

Therefore, 

{A, a)(X(7, 4>))e = (i(X(7, - a(X(7, <P))dif{e + <t>)^{e + </>))), a(X(7, 0))) 

= (A{p-\X^)e - a{p-\Xj)g)d{f{e + cl>Me + <^))), a{p-\Xj)g)) 

= (i(p^(X7)e - a{p-\xj)e){df{e + 4>)^{e + ct>) 

+ f{9 + cj>)d^{e + (/.)}), a(p^H^7)e)) • 
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Since ^4 is a connection, we have A{p^^{Xj))g = p^'^{ad{j ^)A{X))g and A{df{9 + (l))'j{9 + 
(j))) = p'^^{ad{-y~^)A{df{9))). Also, since a is iM-valued, we have a(p^^(X7)e) = a{X). There- 
fore, 

iA,a){X{^,^))e = (^p^H'^d{-f-')A{Xe-a{X)df{e))) 

-a(X)i(/(e + <A)57(^ + 0))),a(X)) . 

But, f{9 + (f))d^{9 + (p) is really shorthand for Lf(^Q_^_^'j{p'^^ {-j^^dj)) and so 

Aif{9 + (l,)dj{9 + ^)) = A{,f^g+^^{p^Hj-'dj)))=p^\j-'dj). 

Thus, we have 

{A,a)iX{-f,cl)))g = (^p-\ad{-f-')A{Xe - aiX)df{9)) - a{X)-f-^d-f),a{X)^ , 
as required. 

As for the LG-bundle case in section 12.51 to define a connectiorH on P given the bundle P 
we need a connection and Higgs field for P. Unlike the case in the previous section, however, 
in order to define a connection we require a Higgs field to satisfy a slightly different condition. 
Recall that a Higgs field for an LG x 5^-bundle P satisfies 

Hpil, </>)) = P^' M7-i)cI>(p) + . 

It will be instructive to define a Higgs field for P given the bundles P ^ Y ^ M now since 
we will need this later to show that the construction is invertible. Define then, the map 
$ : P ^ Lg by 

= A{df). 

This is a Higgs field since 

$(/(7, <A)) = Mp^Hdfj) + p^H^-'dj) 

= A{p-/{dfj)) + i,^^f){p-^Hr'dj) 
= ad{p^\j-'))A{p^\df)) + p^H7-'dj) 
= P^' [ad{r')A{df) + r'dj) 
= p^' (ad(7-i)cI>(/) + 7-157). 

To define a connection on P = {P x G x S^)/LG x we need to be able to write a form 
on P X G X which is zero on vertical vectors (with respect to the LG x action) and 
invariant under the LG x 5^ action (so as to ensure that it is well-defined). Thus we need to 
calculate the action of LG x on: the connection, {A, a), on P, the Higgs field, on P and 

^Of course, here we need to define a connection on Y as well as on P. 
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the Maurer-Cartan forms G and dO on G and respectively. Then we can combine these in 
an invariant way. We can calculate the action of (7, (p) on the connection on P: 

(7,</>r(Aa)(X) = (Aa)(^(7,0)) 

= ad{^,cj))-\A,a){X) 

= (p-i {ad{^-')AiX)-j-'djaiX)) ,a{X)) , 
and we know that the Higgs field satisfies 

$(P(7, <P)) = P^' (adi^-'Mp) + 7-'97) , 

and the Maurer-Cartan form on is unchanged. To calculate the action on the Maurer- 
Cartan form on G, consider a vector {X,g(,X0) G T(p^g^Q){P x G x S^). We have: 



{X,gC,X0){^,(f)) = ^ 



(7x(t)(7, <t>),l{0 + txy^geMK), e + tx-4>) 

(7x(t)(7, 0), (7(^)-' - i{e)-'dj{eMe)-Hx)g{i + tQ, e + tx-4>) 



d_ 
di 

(x(7, 0), ^{er'gc - j{er'd-f{e)-f{er^gx, x) 
{x{j,cf>),j{er'g{C - xadig-')d^{eMer'},x), 



and so 



(7,0)*e(5C) = %ie)-^g{l{9)-'9{C ' xadig-')d^i0)jie)-'}) 

= C-xad{g-')d^{eh{er\ 

Now consider the form on P x G x S'^ given by 

A = ad{g-'^)A + & + ad{g-'^)^{a + dO). 

This is invariant under the LG x action, for 

{lA)*\p,g,e){X,gC,,xe) 

= ^(p(7,9i),7W-iff,e+<}!')(^(7> (t'), li^y^aiC - X ad{g~'^)d-f{9)j{9)~^}, x) 
= ad{g~'-f{9))p-' {ad{-f~')A{X)e.^ - 7-^570-^ a(X)) 
+ (-xad{g-')d^{e)j{e)-' 

+ ad{g-^^{e))p-^ {ad{r^)^{p)e-<t> + T'^^Te-^) {a{X) + x) 
= ad{g-'-f{0)) {ad{j-')A{X)e - ^-^d^0a{X)) 

+ C-xad{g-^)d^{eyf{e)-^ 

+ ad{g~^-f{e)) (ad(7-i)$(p), + 7"'97e) (a(X) + x) 
= ad{g-^)A{X)e + ( + ad{g-^Mp)e (a(X) + x) 
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by the calculations above. So for it to be well-defined on the quotient space we just need to 
check that it vanishes on vertical vectors. The vertical vector at the point (p, g, 0) generated 
by the vector x) is 



dt 





dt 

M^, x), -g ad{g~^)^{e), -x), 



{p{exp{tO,tx), (1 - tm)9, - tx) 





and so 



AiV) = ad{g-^)A{ip{i, x))e - ad{g-^)m + ad{g-^)<i>{p){a{ip{^.x)) - x) 

= ad{g-^)m - adig-^)m + ad{g-^)^{p){x - x) 
= 0. 

Thus we have defined a G-valued 1-form on P. A is in fact a connection form, since if we 
evaluate it on the vertical vector generated by € g, that is, t'\p,g,e]{C) = (0)5C)0)) we get 
A{g() = ( and further, 

A{{X,gC,xg)h) = A{X,ghh-\h,xe) 

= {ad(gh)-^ A + ad{h-^)e + ad{gh)-^^{a + de)) {X,gC,xe) 
= ad{h-')A{X,gC,X0). 

To define a connection on the S'^-bundle P/LG we just take the projection of the iM- valued 
1-form a which is a connection form. 

What remains to be shown now is that the constructions presented here for connections 
on P, P and Y are invertible. In particular, suppose we have the LG x S^-bundle P ^ M 
with connection {A, a) and Higgs field $ and have constructed P ^ Y ^ M with connections 
A and a. Then if we construct the corresponding LG xi 5'^-bundle P' (which is isomorphic to 
P via the map f : P —>■ P'; p i-^ fp = {0 \p, 1,9])) and the connection {A', a') for P', we 
would like to show that f*{A',a') = {A, a). Note that for the vector X G TpP we have 

f,x = ix,o,o)e Tf^p'. 

Therefore, 

riA',a'){X) = iA',a'){X,0,0) 
= {A{X),a'{X)) 
= {A{X),a'{X)) 

by the definition of A' in terms of A and A in terms of A and also a'{X) = q^tt^X) = a{X). 
On the other hand, suppose we had the bundles P ^ Y ^ M with connections A and a and 
constructed P ^ M with connection {A, a) and Higgs field $(/) = A{df). Then we would 
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like to show that if we construct the bundles P ^ Y ^ M with connections A' and a', we 
have A' = f*A where /: P' — > P is the isomorphism given by [f,g, 9] i— > f{0)g. Note that at 
the point [p, 6] we have 



f4X,gC,xe) 



d_ 
di 
d_ 
di 



lx{e+tx){t)ge-x.p{tC) 

lx{e){t)g + djx{e){0)xg + jx{e){0)gC 



X{e)g + dp{9)xg+p{9)gC 



and therefore, 



/M(X, gC, xe) = A{X{9)g + dp{9)xg + p{9)gC) 
= A{X{9)g)+xA{dp{9)g) + C 
= ad{g-^)A{X{9)) + x ad{g-^)A{dp{9)) + C 

while for A' we have 

A'{X,gC, xe) = ad{g-^)A{X) + C + ad{g~^)^{p){a{X) + x) 

= ad{g~^) [a{X) - a{X)A{dp)^ + C + ad{g~^)A{dp){a{X) + x) 

= rA{X,gC,xe). 
Thus we have proven the analogue of Proposition 12.5.21 



Proposition 4.2.2. The correspondence from Proposition \4.2.1 extends to a bijection be- 
tween G-bundles with connection over S"^ -bundles with connection and LG xi -bundles with 
connection and Higgs field. 

4.2.2 The string class and the first Pontrjagyn class 

Now that we have extended the correspondence from section [23} we are in a position to extend 
the result concerning the string class and the Pontrjagyn class (Theorem I2.5.3p . Recall that 
Theorem 12.5.31 extended Killingback's result to a general LG-bundle P ^ M by relating the 
string class of P to the first Pontrjagyn class of the corresponding G-bundle P — > M x 5^. 
In particular, the string class of P is given by integrating pi{P) over the circle. We would 
like now to extend this further to the case where P ^ M is an LG x S'^-bundle and P is the 
corresponding G-bundle over a circle bundle Y over M. In this case we find that the string 
class is given by integrating the first Pontrjagyn class of P over the fibre of the circle bundle 
Y. In particular, we have the following theorem 

Theorem 4.2.3. Let P ^ M be a principal LG xi -bundle and P —> Y ^ M be the corre- 
sponding G-bundle over an S^-bundle. Then the string class of P is given by the integration 
over the fibre of the first Pontrjagyn class of P. That is, 



s{P) 



Pi{P)- 
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Proof. We prove this in analogy with the proof of Theorem 12.5.31 that is, by calculating the 
integral of the first Pontrjagyn class of P. 

Recall that the first Pontrjagyn class is given by 

where F = dA + ^[A, A] is the curvature of the connection A corresponding to the pair {A, 
on P. We have 

F = d{ad(g-^)A + B + ad{g^^)^{a + dO)) 

+ ^[ad{g~^)A + 9 + ad{g-^)^{a + de),ad{g-^)A + 9 + ad{g-'^)<^>{a + dO)] 
= d{ad{g-^)A + 6 + ad{g-^)^{a + dO)) 

+ ^[ad{g~^)A, ad{g-^)A] + [ad{g-^)A, 9] + [ad{g-^)A, ad{g-^)<^{a + d9)] 

+ ^[0,0] + [e,ad{g-^)<^{a + de)] + l[ad{g-^)<^{a + de),ad{g'^)<i>{a + dO)]. 

To calculate d{ad{g~'^)A + 9 + ad{g'^)^{a + ^6*)) we use 

d{ad{g-')A + 9 + ad(5-^)$(a + dOMX, g^, xe), {Y, gC, ye)) 

= '^{{X,g^,xe){ad{g-^)A{Y)e) - {¥, gC,ye){ad{g-')A{Y)e) 

-ad{g-')A{[X,Y])e} 

+ de 

+ \ {{X,gi,xe){ad{g-^){a{Y) + y)^{p)e) 

-(y, 5C, yB){ad{g-^)[a(X) + x)^{j>)e) - ad{^g-^)\x, y\^(j>)e] , 



for tangent vectors {X,g^,xe) and {Y,g(,yg) at the point \p,g,9] G P. For the first term, 
calculate 

{X,gtxe){ad{g~^)A{Y)e) 
d 



dt 
d 
di 
d 
di 



ii-tOg-^A^^(^t^iY)^e+t:)g{i + tO 

g-'A^^^t){Y)eg + g-'dA{Y)exg - Cg-'A{Y)eg + g-'A{Y)0gC. 



Combining this with the other terms for the first derivative above, we have 
d{adig-^)A) = ad{g'^)dA - ad{g-^)dA A dO - [9, ad{g-^)A]. 
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For the last term, calculate 

{X, g^, xie){ad{g-')ia{Y) + yMp)e) 



dt 
d_ 
di 



d_ 
di 



(1 - ti)g-\a^^^^){Y) + y)$(7p(t))(e+te)5(l + ^0 





y 





x)9 

- tig-^{a^^(t){Y) + y)^>(7p(t))((?+tx)5 

+ g~^{a^,{t){y) + y)^{lp{t)){e+tx)9ti 

9-\a^,{t){y)+vMp)eg + Y,, 9-\a{Y)+vM^p{t))eg 
|o 

+ g-\a{Y) + y)d^{jp)0xg - ig-\a{Y) + y)^{p)eg 



+ g-\a{Y)+y)^{p)eg^. 



Subtracting (Y, g(,,yQ){ad{g ^){a(X) + x)^{p)d) from this gives 



d{ad{g-^)^{a + dO)) = ad{g~'^)f^ + ad{g~^)d^ A (a + dd) 

- [e, ad{g-^){a + de)^ - ad{g-^)ad^ A dO. 

We also have dQ = —^[0, 0]. Therefore, the curvature of P is given by 

F = d{ad{g-^)A + + ad{g-'^)^a + dO)) 

+ \[ad{g-^)A, ad{g-^)A] + [ad{g-^)A, 0] + [ad{g-^)A, ad{g-^)^{a + dO)] 
+ ^[0, 0] + [0, ad{g~^)^{a + dO)] + \[ad{g''^)^{a + dO), ad{g-^)^{a + dO)] 
= ad{g-^)dA - ad{g-^)dA Ad9 + ad{g~^)f^ 

+ ad{g-^)di^ A (a + dO) - ad{g-^)ad^ A d9 

+ l[ad{g-'^)A,ad{g-^)A] + [ad{g-^)A,ad{g''^)^a + dO)]. 



That is, 

F = ad{g-^) (F + + V$ A (a + dO)) 



83 



So the first Pontrjagyn class is 

= --^{F + f<^ + V^A{a + de),F + + V«> A (a + d9)) 
= -^[{F + f^,F + f<^) - 2{F + V<I> A (a + dO)) 

- (V$ A (a + de),V<^ A (a + d9)) 
= -^[{F + f^,F + f<^)-2{F + f^,V^Aa)-2{F + f<^, V«>) d9^ . 

Thus, integrating pi over the fibre, we get 
which is the expression from Theorem 14.1.31 

□ 

4.3 String structures for LG xi Diff (5'^)-bundles 

So far in this chapter we have generalised the results from [35j to include the possibility of 
rotating loops. That is, we have worked with the semi-direct product LG x S^. We would like 
to conclude now with a brief outline of one way in which the results we have seen regarding 
LG X lead us to information about a more general situation. Namely, we shall consider the 
problem of lifting a bundle whose structure group is the semi-direct product LG » DifF(S'^). 
That is, we shall allow an action of the orientation preserving diffeomorphisms of the circle 
on the loops in LG. 

The group 0111(5^) has a well known central extension. In particular, the Lie algebra of 
this extension is the Virasoro algebra (see for example [29]). In this section, we would like to 
consider the central extension of the semi-direct product above 

U{1) LG xmff(5i) ^ X Diff(5^). 

Thus far, we have seen that principal LG-bundles over M correspond to principal G- 
bundles over M x (via the caloron correspondence) and in the previous section we showed 
that isomorphism classes of principal LG » S^-bundles are in bijective correspondence with 
isomorphism classes of principal G-bundles over principal 5^-bundles. If instead we consid- 
ered a principal G-bundle over a general fibre bundl^ we would find that these bundles 
correspond to principal LG x Diff (5^)-bundles. 

Now let i? ^ M be a principal LG x Diff (5^)-bundle. We are interested in finding the 

obstruction to lifting this bundle to an LG x 0111(5"^ )-bundle R. The following result, due to 
Smale, gives us a way of using our previous results to solve this problem. Namely, we have 

*Such bundles have structure group Difr(5'^) and give rise to principal DiH'(S'^)-bundles in a natural way. 
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Theorem 4.3.1 ([42j). Diff(S'"'^) is homotopy equivalent to S"^. 

This means that if y ^ M is a Diff (S'^)-bundle then its transition functions can be chosen 
to be valued in 5"^ and so Y actually admits an action of the circle (by identifying Y locally 
with X U (for some open subset U C M) and rotating the factor). This makes Y into 
a principal S'^-bundle. In particular, then, if we have a G-bundle P over an fibre bundle 
y — > M we can replace the LG x Diff (S'^)-bundle in question with an LG x S'^-bundle. That 
is, R has a reduction to a principal LG x 5^-bundle P, so R = P x^^Q^^gi LG x Diff(5^). We 
can thus give the lift of R in terms of the central extension of LG x Diff (5"^) and the lift P of 
P. In particular, we have a bundle map 

^ ^LG^i >n5iff(5i) ^ P x^G>.5i LG X Diff(5i) 

given by 

\p, ^ [p, 

where p is a lift of p to P and (7, (/?) is a lift of (7, (/?) to the central extension of LG x 
Diff(S'^). This map commutes with the homomorphism LG x Diff(S'i) LG x Diff(S'^) and 
so P x^— 1 LG xDiff(5i) is a lift of R. 
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Appendix A 

Infinite-dimensional manifolds and 
Lie groups 

In this thesis we have largely been concerned with the loop group of a compact group. This 
is an example of an infinite-dimensional Lie group - specifically, it is a Frechet Lie group. In 
this Appendix we collect some of the basic results on Frechet manifolds and Lie groups. We 
follow closely the expositions presented in [19], [31] and [39] 

A.l Frechet spaces 

We will begin with some basic definitions and examples of the sorts of spaces we shall be 
dealing with. An infinite-dimensional manifold, like any manifold, is a topological space 
modelled on some sort of Euclidean space. In the case we are considering, this is a locally 
convex topological vector space called a Frechet space. 

Definition A. 1.1. A Frechet space is a complete metrisable Hausdorff locally convex topo- 
logical vector space, where by locally convex we mean a space whose topology is generated 
from some family of seminorms0 

Perhaps the most immediate example of a Frechet space is given by any Banach space. 
In general, however, there are examples of Frechet spaces which are not Banach spaces. The 
particular example we will consider is the space of all smooth map^ from a compact manifold 
X into a vector space V, that is, the space Map(X, V). We define the topology on this space 
in terms of a collection of neighbourhoods of the zero map. (Since this is a topological vector 
space this will give the topology completely.) To do this, choose a small neighbourhood E 
of € y. Then consider an open coordinate chart [/ C X with local coordinates xi,. . . ,Xm 

^An equivalent definition of local convexity for a topological vector space is that every neighbourhood of 
contains a neighbourhood which is convex. This is the definition used in [31J. 

■^More generally, the space of smooth sections of a vector bundle over a compact manifold is also a Frechet 
space. We shall restrict our interest however, to the case of a trivial bundle (that is, the space of all maps as 
above) since this covers the case we are really interested in - the Lie algebra of the loop group, Map(S^,0). 
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and a compact set K C.U. We define a family of sub-basic neighbourhoods (for each choice 
of coordinate chart, compact set, neighbourhood of S ^ and non-negative integer n) 

N ={f: X^V\ d^f/dxi,...Xi^ eE\fx£K,0<k<n,ije {!,..., m}}. 

Finite intersections of sets of this form give the basic neighbourhoods for the topology on 
Map{X,V). 

The above example is important for our purposes since the special case of maps from the 
circle into the Lie algebra of a compact group G will be the Frechet space on which the loop 
group LG is modelled. 

A. 2 Groups of maps 

Now that we have seen an example of a Frechet space, we can give an example of an infinite- 
dimensional manifold modelled on this space. This is the space Map(X, G) of smooth maps 
from a compact manifold X into a compact Lie group G and it is in fact an example of an 
infinite-dimensional Lie group. 

To define the coordinate charts for this manifold consider an open neighbourhood U of the 
identity in G. Using the exponential map, this is homeomorphic to an open neighbourhood 
of the identity in q, say U. The set U := Map(X, U) is then an open neighbourhood of 
the identity in Map(X, g) and an atlas for Map(X, G) is given by the open sets Uf (where 
U := Map(X, [/)), which are also homeomorphic to U. The case where X is the circle is the 
loop group LG. 

Note that there is a slightly more general example given by taking sections of a fibre bundle 
over X. Recall from the previous section that sections of a vector bundle form a Frechet space. 
Given a fibre bundle Y ^ X we can associate to any section / : X ^ Y a vector bundle over 
X, called the vertical tangent bundle to / and denoted Tvert^, whose fibre at x € X is given 
by all vertical tangent vectors to Y at f{x). That is, T^ertYf = {V G Tj^^^-^Y \ n^V = 0}. 
Then the sections of Tvert^/ ^ form a Frechet space and there is a diffeomorphism from a 
neighbourhood of the zero section to a neighbourhood of the image of / in y which serves as 
a coordinate chart. 

A. 3 The path fibration 

In chapter [3] we made extensive use of a particular rJG-bundle called the path fibration. This 
is a model for the universal l^G-bundle. In this section we shall explain why this is in fact a 
locally trivial fiG-bundle. Recall that the total space of the path fibration is defined as 

PG = {p : M ^ G I p{0) = 1 and p^^dp is periodic}. 

We can equivalently view this as the space of connections on the trivial G-bundle over the 
circle, since if p is a path in G as above then p~^dp is a g-valued 1-form on and conversely, 
each connection form A on the trivial G-bundle over 5^ uniquely determines a periodic path by 
solving the ordinary differential equation A = p'^dp subject to the initial condition p(0) = 1. 
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This means that PG is contractible. Note that when viewed as the space of connections flG 
acts freely on the right of this space by gauge transformations. Notice also that if p and q 
are two paths in the same fibre of the projection PG — > G (so p(2-7r) = q{2-K)) then p^^q 
is a smooth based loop, since if f{t) = {p^^q){t + 27r) then / satisfies the same differential 
equation as p~^q and /(O) = 1 so / = p~^q and thus p~^q is periodic. This means that q = p^ 
for some 7 G QG and so PG/VlG = G. 

For the local triviality of this bundle, consider an open neighbourhood U of the identity 
in G. We can define a map 

Ux^G^TT-\U)- {g,j)^p, 

where p{t) = exp(t^)7(i) and exp(27r^) = g. The inverse of this map is given by 

p ^ (7r(p),exp(t7r(p))~^p). 

This gives us a trivialisation near the identity. To extend this to a local trivialisation for the 
entire bundle we consider the open cover {Uh} for h E G. Let ^ be a path ending at h (that 
is, Tr(h) = h). Then the maps 

Uhx^G^TT-^iUh)- {g,j)^Ph, 

for Phit) = h{t) exp(t^)'y{t), give a local trivialisation for the path fibration. So we have that 
the path fibration is a model for the universal f2G-bundle. 
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Appendix B 

Classification of semi-direct product 
bundles 

B.l Classification of semi-direct product bundles 

In section 13.31 we gave a model for the universal L'^G-bundle (where L'^G is the group of 
smooth maps [0, 27r] — > G with coincident endpoints) by utilising its description as the semi- 
direct product x G. Following those ideas we can actually give a classification theory for 
general K x i/-bundles. 

Suppose K and H are Lie groups and we have an action (p: H ^ Aut{K). Then we can 
form the semi-direct product K yi H, where the multiplication is defined by 

{ki,hi){k2,h2) = iki(phi{k2),hih2). 

We can give a model for the classifying space E{K xi H) as follows. Consider the space 
EK X EH. This is contractible, since both EK and EH are. Suppose we can find a left 
action of H on EK. That is, some (p: H ^ Diff(£'i^) such that (ph^(ph^ = (ph-i_h2 - Suppose also 
that this action satisfies 

iphixk) = (ph{x)ifh{k) 
for all X € EK. Then we can define a right action oi K yi H on EK x EH by 

{x,y){k,h) = {iph-i{xk),yh), 
where {x,y) £ EK x EH. This is clearly a right action since 

{'Pf^-i{xki),yhi){k2,h2) = {(Ph-i{^h-i{xki)k2),yhih2) 

= i'f{hih2)-^{xknphA^2)),yhih2) 
= {x,y){kiiphA^2),hih2). 
It is also free and transitive on fibres and so 

EK x EH 

{EK X EH)/{K X H) 
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is a model for the universal bundle. To see that (p exists, consider the following construction 
of EK HU (see also [H]). Let A" be the standard n-simplex in That is, 

A" = {(to,...,tn) I > 0,Eii = !}• 

Then 

n>0 

where we make the identifications 

((to, • • • ,ti-i,0,ti+i, . . . ,tn), (A;o, • • • ,^n)) ~ ((io, • • • ,*n), (^0, • • • , ^j-l, 1,^1+1,. . . , . 
Equivalently, we can think of EK as the set of formal linear combinations of elements of K : 

EK = {Y^Uh I U > 0,J2ti = l,kie K} 
where in any given sum, only finitely many of the tj's are non-zero. Then (f is given by 

Using this construction, we can also write down a classifying map for any K x //-bundle 
P ^ M. For this we will need a correspondence between these bundles and certain pairs 
of iT-bundles and //-bundles. Let us briefly outline this correspondence now. First note 
that there is a homomorphism K y\ H ^ H and so we can form the associated //-bundle 
P y^K-AH H ^ M, where \p,h] = \p{k',h'),h'-^h], [p,h]h' = [phh'] and 7rH{[p,h]) = 7r{p). 
Further, there's a free action of K on P that identifies P xxytH H with P/K. Namely, 
pk = p{k, 1). Then we have that P — ^ P Xk>oh // is a principal /ir-bundle0 Thus, we have 
constructed a /C-bundle over an //-bundle out of the K x //-bundle P that we started with. 
In addition, we have an action of // on P that covers the H action on P/K. That is, define 
ph = p{l,h) and then -nxiph) = [p(l,/i),l] = [p,h] = \p,l]h = ■KK{p)h. This H action also 
has the property that {ph)k = p{l, h){k,l) = p{iph{k), h) = {piph{k))h. Therefore, we have 
constructed a /^-bundle with a twisted //-equivariant action as above over an //-bundle: 

P 

K,H 
P/K 
H 

M 

In fact, this construction is invertible. That is, given a /C-bundle over an //-bundle that 
satisfies the properties above, we can construct a /T x //-bundle. Suppose, then, that we have 
two Lie groups K and H with an action ip: H ^ Knt{K) as above. Suppose also that we have 
a principal /^T-bundle P — ^ P/K and a principal //-bundle P/K — ^ M and that there's 

^For the proof of the local triviality of this bundle, see [23J, Proposition 5.5, p 57. 
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an H action on P covering that on P/K and such that {ph)k = {p(ph{k))h. We can define an 
action oi K 'A H on P hy p{k, h) = {pk)h. This is a right action since 

piki,hi){k2,h2) = {{{pki)hi)k2)h2 

= {{{pki)Vhi{k2))hi)h2 
= p{knphi{k2),hih2). 

It is a free action, for suppose that p{k, h) = p. Then {pk)h = p and so TTK{ipk)h) = ttk{p)- 
But TrK{ipk)h) = ■KKipk)h and Trxipk) = ttk{p), so we have 7rK{p)h = ttk{p) and therefore 
h = l since the H action is free. But if /t = 1 we have that pk = p and so A; = 1. We also have 
that P/{K >i H) = {P/K)/H = M. To see that P ^ M is locally trivial, consider an open 
set U C M over which P/K is trivial. Then there exists a section s: U ^ P/K. Since U is 
contractible, the pull-back s*P over U is trivial and so there exists a section s' : U s*P. But 
a choice of section s' : U ^ s*P is equivalent to a map a: U ^ P such that 7rK(o'(x)) = s{x). 
That is, such that Tr{a{x)) = x. So cr is a local section of P ^ M. Therefore, we have that 
P ^ M is a principal K x i^-bundle. 

Using this correspondence, we can write down a classifying map for P. That is, a map 
f:P^EKxEH such that f{p{k,h)) = f{p){k,h). Firstly, note that if P ^ M is a ^- 
bundle then we can write the classifying map as follows: Let {Ua} be an open cover of M 
over which P is trivial. Then 7r~^ (Ua) is isomorphic to Ua x Q. Now choose local sections 
Sa - Ua ^ '!^~^{Ua) and define the functions ga - iT~^{Ua) ^ ^ by Sa{m) = {m, ga{sa{m))), 
where we have used the isomorphism to identify TT~^{Ua) with Ua x Q. Now, let {V'a} be a 
partition of unity subordinate to {Ua}- Then define the map fg: P ^ EQ by 

fdip) = ^'^oc{T^{p))9a{p)- 

This is clearly ^-equivariant and so defines the classifying map for P. 

Now consider again the case where Q = K ^ H. Write the classifying map f as a pair of 
functions {fKifn)- Then we require that 

{fK{p{Kh))JH{p{Kh))) = {^h-^{fK{p)k),fH{p)h). 

Using the correspondence above, we can construct a pair of bundles P — ^ P/K — ^ M. 
Define fn to be the classifying map of the //-bundle P/K. To define /i^, consider an open 
cover {Ua} of Af as above. Consider the cover {Va} of P/K where Va = vr^^t/a)- P is trivial 
over Va since we can construct a local section as follows. Identify Va with Ua x H. Then 
over the subset Ua x {!}, P has a section, say a a- We can define a section of P over Ua x H 
by forcing i/-equi variance. That is, by defining Xa{sa{n^)h) ■ = aa{m)h, where Sa is a local 
section of P/K. So vr]^"^(\^) Uq x H x K. Then we can define the functions ka as above and 
we see that kaiph) = (Ph-^{ka{p)) (which follows from the fact that {pk)h = {ph)ipi^-i{k)). 
Therefore, if we choose partitions of unity {ipa} subordinate to {Ua} and {Xa} subordinate 
to {V^}, we can define 

f(P) = w2Xa{'^ip))ka{p),^1pa{T^{p))ha{T^K{p))) , 
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which is XI i^-equivariant because 

f{p{k,h)) = {^Xa{T^{p))ka{{pk)h),^^a{T^{p))K{'KK{ph)) 

= {^Xa{T^{p))^h-^{ka{p)k),^llJa{'^{p))K{'KK{p))h 

= f{p){k,h). 
Thus / is a classifying map for P. 

B.2 LGxi S'l-bundles 

We have shown in the previous section that principal K xi i^-bundles are equivalent to K- 
bundles with a twisted equivariant H action over if -bundles. Consider now the case where 
K = LG and = S"^, as in chapter [H We have already seen (see section \4:.2h that there 
is a bijective correspondence between isomorphism classes of principal LG xi S'^-bundles and 
isomorphism classes of principal G-bundles over 5^-bundles. The result from section IB.H 
however, implies that we could construct a principal LG-bundle over a circle bundle. Namely, 
the bundle P P/LG = (P x S'^)/LG x 5Ms a principal LG bundle. We would like to 
understand the relationship between the LG-bundle we have constructed and the G-bundle 
we have constructed in section 14. 2i Consider the map 

P^^P 



P/LG ^P/G 

given by f{p) = [p, 1, 1] (and where the induced map LG ^ G is the homomorphism 7 h-> 
7(1)). This is a bundle map since 

/(P7) = [p(7,l),l,l] 

= b,7(i),i] 

= [p,l,l]7(l) 
= /(P)7(l). 

Therefore, we see that P P xlqG (via the isomorphism [p,g] [p,g, !])• So P is given by 
extending the structure group of P from LG to G. 
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